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Abstract

Empirical results show that the introduction of a superstar — an opponent with rela-
tively high ability — into a contest may have opposite effects: sometimes it increases other
participants’ performance while other times decreases it. We present a cohesive model cap-
turing both effects and characterize the conditions under which the entry of a superstar, and
more generally a high-ability participant, encourages/discourages other participants and in-
creases/decreases their performance. In addition, we find that if the incremental difference
in prize values grows sufficiently fast in prize ranking, we cannot keep recruiting high-ability

participants without suffering from the discouraging effect.
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1 Introduction

In 1930, the cycling community was startled to learn that Giro d’Italia, one of the most presti-
gious bicycle races, would run without Alfredo Binda, who had won the race in three previous
years. In fact, the race organizers paid the top cyclist 22,500 lire, an amount equal to the first
place prize, to miss the race, because they believed his dominant riding was suppressing the

L' Similar discouraging effects of superstars arise in other sports. For instance,

competition.
Brown (2011) studies professional golf tournaments from 1999-2006 and finds that in the pres-
ence of Tiger Woods, the dominating golfer in that period, the other golfers performed worse by
0.8 strokes, where one stroke frequently makes the difference between the champion and second
place.

However, rivalry may encourage competitors to exert more effort. Indeed, Mike Powell
attributes his long jump world record to his rivalry with Carl Lewis, a nine time Olympic
gold medalist: “He (Lewis) motivated me and drove me to do big things ... I had to break an
unbreakable world record just to beat this guy.”? Similarly, in the presence of Usain Bolt, a
dominant sprinter during 2008-2017, other participants were more likely to break their personal
records in 100-meter races (Hill 2014). In golf, when Tiger Woods won the 2019 Masters
Tournament after a long period plagued with injuries, the 2018 champion Patrick Reed said:
“Tiger is back, and we’re going to have to step up our games.”3

When does the entry of a superstar, and more generally a participant with relatively higher
ability, encourage other participants’ performance, and when does the entry discourage their
performance? What are the circumstances in which the discouraging effect imposes barriers to
improve participants’ ability? These questions are important to not only organizers of sports
tournaments but also to schools awarding scholarships according to students’ grade rankings,
and firms using internal rank-competition to incentivize employees. Those firms include Ama-
zon, General Electric, General Motors, Hewlett-Packard, IBM, Johnson&Johnson, Microsoft,
Motorola and Yahoo.

In this paper, we provide a cohesive framework to capture both the encouraging and dis-
couraging effects. We illustrate our setup in an example below. Consider a contest with four
participants: two high-ability ones whose marginal cost of performance is 1, and two low-ability
ones whose marginal cost of performance is 3. In this paper, we study participants of two ability
types. Information is complete so each player’s ability is commonly known. The contest has
a sequence of four prizes, e.g., $0, $1, $5, $13. In this paper, we study prize sequences with a
constant second order difference, e.g., ($5 — $1) — ($1 — $0) = (313 — $5) — ($5 — $1) = $3, and
use the second order difference to measure the convexity of prize sequences. The players choose
their performance simultaneously. The player with the highest performance wins the highest

prize, the player with the second highest performance wins the second highest prize, and so on.*

!See McGann and McGann (2011).

2See Ganguly (2011).

3See Brown (2019).

“In case of a tie, the relevant prizes are allocated among tying participants with equal probabilities.



In general, the combination of asymmetric abilities and heterogenous prizes makes it challenging
to characterize the Nash equilibrium. However, in our model, we can use techniques from com-
binatorics to characterize the unique equilibrium strategies as solutions of quadratic equations.
As a result, we obtain a tractable model of contests, in which the equilibrium performance
depends on three characteristics: 1) the prize structure, 2) ability composition (proportion of
high-ability players), and 3) the difference between the two ability types.

In order to measure the effect of a high-ability player’s presence, we adopt Brown’s (2011)
approach to identify the Tiger Woods’ effect. Specifically, consider a high-ability player entering
the contest who replaces a low-ability player. As a result, the size of the contest as well as
its prizes remain the same. For instance, if a high-ability player enters a contest with two
high-ability players and two low-ability ones, there are three players with high ability and
one with low ability. Moreover, three players remain the same before and after the entry. We
compare the performances of those players before and after the entry, and ask in which contests,
characterized by their prize structure, fraction of high-ability players, and the difference between
ability types, does the entry discourage their performance and in which does the entry encourage
their performance.

We find that the entry effects vary with the convexity of the prize sequence, which is mea-
sured by the second order difference. Specifically, if the prize sequence is not very convex (with
a small second order difference, e.g., $0, $1, $2, $3),

(a) the entry of a(nother) high-ability player encourages the existing high-ability players’

performance but discourages the existing low-ability players;

(b) the entry of a(nother) high-ability player discourages the existing players’ total perfor-
mance if and only if the proportion of high-ability players is low.

In contrast, if the prize sequence is convex enough (with a large second order difference, e.g.,

$0, $1, $5, $13), the above results surprisingly change to

(a') the entry of a(nother) high-ability player discourages every existing player’s performance;

(b’) the entry of a(nother) high-ability player discourages the existing players’ total perfor-
mance if and only if player abilities are more homogeneous (high fraction for either ability
type).

We apply the above results to study barriers to improve participants/employees’ ability.
Specifically, can we improve the participants’ ability without incurring the discouraging effect?
If the prize sequence is sufficiently convex, improving an employee’s ability may first encourage
the other employees when the high-ability proportion is low, but eventually discourages the
others as the high-ability proportion becomes sufficiently high. Hence, to avoid the discouraging
effect, the prize sequence eventually needs to be adjusted to be less convex.

Notice that there are two main differences between the two sets of results if the prize sequence
becomes more convex: first, between (a) and (a'), the entry’s effect on the high-ability players
is reversed. Second, between (b) and (b’), given sufficiently high proportion of high-ability, the

entry’s effect on the existing players’ total performance is also reversed, from encouraging to



discouraging.

We first explain the difference between results (a) and (a’). Namely, why, as the prize
sequence becomes convex enough, is the encouraging effect on the high-ability players reversed
to the discouraging effect? To understand the intuition, consider the above contest between two
high-ability players and two low-ability ones, and let the prizes be $0,$1,$2,$3. In addition,
assume that the marginal performance cost of the high-ability players is almost zero, which
is an extreme case of our model but makes the following explanation simpler. Due to the
almost costless performance, a high-ability player can ensure the second highest prize $2 by
beating the two low-ability players. After the entry, she can ensure only the third highest
prize $1 because there are fewer low-ability players. Thus, the first effect of the entry is lower
guaranteed winnings for the high-ability players. Since this effect is from low-ability players
towards the high-ability ones, we call it the incentive-from-bottom effect. Given everything else,
this effect puts an upward pressure on his performance.

The second effect of the entry is reducing the expected winnings of a high-ability player,
because there are more high-ability players to share the top prizes. The expected winnings of a
high-ability player is the average of the top two prizes ($3 4 $2)/2 before the entry, and reduces
to the average of the top three prizes ($3 + $2 + $1)/3 afterwards. Since this effect is from
the top prizes, we call it disincentive-from-top effect. Given everything else, this effect puts a
downward pressure on his performance.

Both effects vary with the convexity of the prize sequence, but in different ways. For

instance, given the sequence of $0, $1,$2,$3, the disincentive-from-top effect, measured by the
$342r$2 _ $3+$32+$1

. If the prize sequence changes to a more
$13485 _ $13+85+$1
2 3

change in the average prize values, is

convex one of $0, $1, $5, $13, the disincentive-from-top effect becomes , which is
increased by %. In contrast, with the sequence of $0, $1, $2, $3, the incentive-from-bottom effect,
measured by the difference between the second and third highest prizes, is $2 — $1. Changing
the prize sequence to $0, $1, $5, $13, the incentive-from-bottom effect becomes $5 — $1, which is
increased by 2. Notice that, as the prize sequence becomes more convex, the disincentive-from-
top effect grows more than the incentive-from-bottom effect. Thus, with a sufficiently convex
prize sequence, the disincentive-from-top effect dominates the incentive-from-bottom effect, and
therefore the entry discourages the high-ability players.

In the general case, when the high-ability players’ performing cost is not necessarily close to
zero, the payoff effect depends on not only the guaranteed prize but also the cost of the necessary
performance to win the prize. We show in the general case, as the prize sequence becomes more
convex, the disincentive-from-top effect still grows faster than the incentive-from-bottom effect.

Next, we explain the difference between results (b) and (b'): given sufficiently high propor-
tion of high-ability, the entry’s effect on the others’ total performance is also reversed, from
encouraging to discouraging. This difference is simply implied by the first difference explained
above. To see this, notice that if the contest has a high fraction of high-ability players, the

first main difference implies that the entry’s effect on the high-ability players is reversed from
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Figure 1: Prize Sequences

encouraging to discouraging. Since most of the other players have high ability, the entry’s effect
on their total performance is also reversed from encouraging to discouraging.

The remainder of the paper is organized as follows. Section 2 introduces the model of
contest and Section 3 characterizes the equilibrium. Section 4 identifies the circumstances
for the encouraging and discouraging effects to arise. Section 5 analyzes the barriers against
improving participants’ ability, and Section 6 discusses the entry’s effects on total performance.

Section 7 discusses related literature and Section 8 concludes.

2 Model

Consider a contest in which n > 3 players compete for n prizes with heterogeneous monetary
values: v(p) > Vp_1) > ... > v(q) = 0. We can normalize the prize values so that v = 1.
Moreover, the prizes have constant second order differences: (v(j41) — v)) — (V) — V1)) =
a >0 for k =2,...n—1. As a result, the prize sequence is characterized by its convexity
parameter a. Indeed, in a contest among n players, the prize values are v(;) = C’ffl + aC’ffl
for k =1,...,n, where C]* = ﬁlk), is the binomial coefficient and C;* = 0 if m < k. Figure
1 illustrates prize sequences with differences in convexity. Since a > 0, the prize sequence is
always (weakly) convex.® As in the figure, if a = 0, the prize sequence is linear. As « increases,
the prize sequence becomes more convex in the sense that the differences between higher-value
prizes grow bigger relative to those between lower-value prizes.

In the contest, the players choose costly performance to compete.® The players have constant
marginal costs of performance. The marginal costs can be ¢y or ¢, with 0 < ¢f, < ¢gr. We refer
to the players with marginal cost cy as H-cost players, and those with ¢y, as L-cost ones. The
H-cost players are less productive because their marginal costs are higher. Denote the number

of L-cost players as ny. Then, we can characterize the composition of participants by nr/n,

the proportion of L-cost players. As ny/n increases from 0 to 1, the players’ average marginal

5 . . . .
°Convex prize sequences are prevalent in sports and organizations.
51n this paper, we do not distinguish performance and effort.



cost decreases, therefore they are more productive.

The ratio ¢z /cy € (0,1) measures the asymmetry between the two cost types. We assume
cr /ey < 1/2, and it corresponds to the case in which the cost types are significantly different.”
The three parameters discussed above are important for the rest of the paper: « the convexity
of the prize sequence, ny,/n the proportion of L-cost players, and ¢z, /cy the asymmetry between
the cost types.

Therefore, with its size fixed, a contest can be described by three characteristics: the con-
vexity of prize sequence measured by «, the composition of types measured by ny/n and the
asymmetry between types measured by cr/cy.

The game is of complete information, so each player’s cost is commonly known. In the
contest, each participant ¢ chooses his performance s; > 0 simultaneously. Note that there is no
noise in their performance.® The participant with the highest performance receives the highest
prize v(y); the second highest performance receives the second highest prize v(,_1); and so on.
In the case of a tie, the involved prizes are split evenly among the tying participants. All the
players are risk neutral. If a t-cost player wins prize v(;) with performance s;, his payoff is
U(k) — CtSiy where t = H or L.

We use a c.d.f. G; : [0,4+00) — [0, 1] to represent player i’s mixed strategy. The support of
G is the smallest closed set to which G; assigns probability 1. If its support is a singleton, a
mixed strategy reduces to a pure strategy. A profile of strategies constitutes a Nash equilibrium
if each player’s (mixed) strategy assigns a probability of one to the set of his best responses
against the strategies of other players. Throughout the paper, we consider type-symmetric Nash
equilibrium, where players of the same cost use the same strategy. We focus on type-symmetric

equilibrium purely for simpler analysis.”

3 Equilibrium Characterization

In this section, we characterize the unique equilibrium in closed form. With heterogeneous
prize values and asymmetric player abilities, equilibria generally involve complicated mixed
strategies without closed-form characterization (e.g. Xiao 2016). However, using techniques
in combinatorics, we can simplify the characterization to solving a single quadratic equation.
Those techniques are useful because binomial coefficients frequently arise in equilibrium analysis
through two channels: First, as a result of constant second order differences, the prize values
depend on binomial coeflicients: v(;) = C’f_l + ong_l. Second, a player’s winning probabilities
also depend on binomial coefficients. For example, facing four H-cost opponents, a player

choosing performance s wins the third highest prize with probability C4G%(s)(1 — Gu(s))?.

"This assumption also simplifies equilibrium charaterization because it ensures each player mixes over an
interval of performance levels.

80ur model is different from tournament models (e.g. Rosen 1981), which study moral hazard arising in the
presence of noisy performance. In our model, information is complete therefore moral hazard does not arise.

9Tf idiosyncratic shocks are added to the marginal costs, so player i’s marginal cost becomes ¢; = c; + ¢; and
no two players have the same marginal cost. Then, there is a unique Nash equilibrium (Xiao 2016). Moreover,
the type-symmetric equilibrium is the limit of the unique Nash equilibrium as the shocks converge to zero.



Appendix A contains a complete list of results from combinatorics that we use in this paper.
Depending on the composition of player types, the equilibrium may be one of four types.
Each type is named after its characteristic equilibrium property and is discussed separately in

Sections 3.1-3.4 below.

3.1 Equilibrium with Symmetry

First, consider a contest with only one type of players. This is a contest with symmetric players
and the equilibrium is well understood (see for instance Barut and Kovenock 1998). Each
player’s equilibrium payoff is zero, and this contest has a unique equilibrium. Moreover, the
equilibrium has symmetric mixed strategies with support [0, v(,)/c;]. Example 1 illustrates such

an equilibrium.

Example 1 (Equilibrium with Symmetry) Consider a contest with four H-cost players
with cyg = 3. The prizes are vy = 9, vz) = 4, ve) = 1 and vy = 0, which has a con-
stant second order difference a = 2. The unique equilibrium is illustrated in Figure 2. Notice

that the all the players mix over the interval [0, 3] according to the same mixed strategy G .

We explain below how to derive the equilibrium strategy in Example 1. Denote the sym-
metric strategy as Gp. If all others use strategy Gy, a player should receive his equilibrium

payoff by choosing any s in the support of Gp:
U(4)G%(S) + ’U(g)CQSG%{(S)(l — GH(S)) + U(Q)ClgGH(s)(l — GH(S))2 + 1)(1)(1 — GH<S>)3 —cgs=0

For cleaner exposition, we often omit the argument of G¢(s) below. Collecting terms w.r.t. G,

we can rewrite the above equation as

A3GH + D C3GY + A CIGr + vy —cus =0 (1)
where A1 = v(z) —v(1), A2 = (v(3) —v(2) — (V) —v(); As = (Vi) —v(3) — (V) —ve)l - [(ve) -
U(Q)) —(v2) —v(l))]. Recall that v(;) = 0 and v(g) = 1, so A; = 1. Moreover, the constant second
order differences imply As = o and A3 = 0. Therefore, we can further simplify the equation to

aC3G3 + C3Gy — cpys =0 (2)

which has a unique solution in [0, 1] and it is

=03 +/(C})? + 4aC3cps
- 2aC3

GH(S)

More generally, for t = H or L, if a contest is among n identical ¢t-cost players, the counter-
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part of (2) is a0y *G? + C7 Gy — ¢15 = 0, whose unique solution in [0, 1] is

—Op T 4\ (CF )2 + daCy s
20051

Gt(s) =

The following result characterizes the equilibrium with symmetry in an n-player contest.

Proposition 1 (Equilibrium with Symmetry) If a contest has only t-cost players with t =
H or L, there is a unique equilibrium. In the equilibrium, all the players have the same payoff

ug = 0 and use a symmetric mized strategy Gy(s) given in (3) for s € [0,v(,)/ct].

3.2 Equilibrium with Embedment

Next, consider a contest in which all players except one have the low cost, so n;, = 1 and
ny =n— 1. In the equilibrium, the L-cost player mixes over a higher interval [s;,v(,)/cy] and
the H-cost players mix over a lower interval [0, v,)/cu]. The L-cost’s interval is a subset of the

H-cost’s, and they share the same upper boundary. Example 2 illustrates such an equilibrium.

Example 2 (Equilibrium with Embedment) Consider a contest with three H-cost players
with marginal cost cip = 3 and one L-cost player with c;, = 1. The prizes are the same as in
Example 1. The unique equilibrium is illustrated in Figure 3. Notice that the support of G, is
[1.1,3] and that of Gy is [0,3]. The equilibrium payoffs are ug = 0 for the H-cost players and
ur, = 6 for the L-cost player.

To understand the payoffs, notice that the H-cost players have payoff uyy = 0. The highest
performance in G'g’s support is v, /cr, the same as in Example 1. Any performance above
V(n)/CH never earns positive payoff for an H-cost player. It turns out that Gy and G, have to
share the same upper boundary in an equilibrium. Therefore, if the L-cost player chooses the
upper boundary, he wins v,y with probability 1 and his payoff is uz, = v,) — cLv(,)/cu-

To illustrate the main idea, we derive below the equilibrium strategies in Example 2 using
ur, and ug. The analysis for the general case is in the appendix. First, consider interval

[0,1.1]. Given others’ equilibrium strategies, if an H-type player chooses a performance in



the interval, he never wins the highest prize because the L-cost player’s performance is always
higher. Therefore, by choosing s € [0,1.1], an H-cost player is competing with the other two

H-cost players for the prizes v(3) and v(z). We obtain a condition similar to (2):
aC2G% + C3Gy — cys =0

where C% and C7 replace C3 and C3 in (2). This is because each H-cost player compete against

only two other H-cost players. The above equation has a unique solution in [0, 1]:

) —C? + \/(012)22—1— 4aC3cpys fa>0
Gr(s) = 2aC5 (4)
cys/C? ifa=0

Next, consider the interval [1.1,3]. Given others’ equilibrium strategy G, the L-cost player

receives his equilibrium payoff by choosing a performance in the interval:
aC3G3 + C3Gy — cps = u,

Notice that the expected prize, the first two terms, is the same as in (2) because the opponents

are the same: three H-cost players. The above equation has unique solution in [0, 1]:

—C3 +/(C})2 + 4aC3(cps + ur) a0

Gru(s) = 2aC3 (5)
uyp + eps)/C3 fa=0
( )/CY

For s € [1.1, 3], the counterpart for an H-cost player is

0(4)6%{(;[/ + U(3) [C%GH(l — GH)GL + Cgé%{(l — GL)]
+ v)C3(1 - Gu)’GrL+ CiGu(1 — Gu)(1— GL)] —cus =0

or

AgG%GL + A(Q)(C%GHGL + CQZG%{) + Al(C%G'H + GL) —cgs=0
Since A1 =1, Ay = a and Az = 0, we can further simplify the equation to
a(C3GuGL + C3G3) + (CiGy + Gr) —cys =0
which implies

cps —aC3G% — C3Gy
O[C%GH +1

G = (6)

Hence, G (s) for s € [0,1.1] is given in (4), and Gy (s) for s € [1.1, 3] is given in (5). Substituting
Gy given in (5) into (6), we obtain G (s) for s € [1.1, 3].

Following the same argument, we can obtain the counterparts of (4)-(6) in an n-player



contest where all but one players are H-cost:

( —C 2 4 \/(Cf_Q)Q +4aCh 2cys .
i 0
Culs) = 20y 2 hes )

\ cys/CP 2 ifa=0

—Op (O )2 + 4aCy es 4 ur) o
Gu(s) = 20y he (8)
(ur, +crs)/CF ! ifa=0

Gu(s) = CHS — aCSiQG%{(s) - C’{LQG’H(S) ()
aCP2Gy(s) + 1

and s; is the performance level in (0, v, /cy) such that G (s;) = 0.1° The equilibrium charac-

terization generalizes as follows:

Proposition 2 (Equilibrium with Embedment) If n;, = 1, there is a unique equilibrium,
and the equilibrium payoffs are ur, = v(,) (1 — cp/cu) for the L-cost player and uy = 0 for the
H-cost players.

In the equilibrium, the L-cost player mixes over [§L7U(n)/CH] and the H-cost players mix
over [0,v(,)/cu]. Strategy Gu(s) for s € 0,5.] is given in (7) and Gu(s) for s € [sy,v(n)/cu]
is given in (8). Strategy Gr.(s) for s € [sp,v(m)/cu] is given in (9).

All the proofs are in the appendix.

3.3 Equilibrium with Separation

If a contest has ny > 2 L-cost players and ny > 2 H-cost players, the H-cost players mix over

. U(n . . . U(n V(n)—V(n
a lower interval [0, %] and the L-cost players mix over a higher interval | (C A L C<L gt 4

Wc"—;)] Notice that the two intervals share a boundary but do not overlap. As a result, the
competition is separated: the L-cost players compete for v(4) and v(3) while the H-cost players

compete for v(z) and v(y). Example 3 illustrates such an equilibrium.

Example 3 (Equilibrium with Separation) Consider a contest with two H-cost players
with cg = 3 and two L-cost players with c;, = 1. The prizes are the same as in Example
1. The unique equilibrium is illustrated in Figure 4. Notice that the support of G, is [1/3,5]
and that of Gy is [0,1/3]. The equilibrium payoffs are ug = 0 for the H-cost players and
uy, = 4 for the L-cost player.

We derive below the equilibrium strategies in the example. Since the competition is sep-
arated, the two H-cost players compete for v(y) as if they are in a two-player contest. Thus,
his equilibrium payoff is uy = 0 and equilibrium strategy is G (s) = cuys/v(). The highest
performance in the support of Gy is v(g) /cm, which is also the lowest performance in the sup-

port of Gr. At this performance, an L-cost player wins v(z) with certainty, so his payoff is

0The closed-form expression of s ;. is provided in the Appendix below (33).

10
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uL = v(3) — CL’U(Q)/CH. The two L-cost players compete for vy and v(z) as if they are in a
two-player contest. Hence, their equilibrium payoffs are u;, = v(3) and equilibrium strategies
satisfy v(g)GL +v(3)(1 — GL) — cps = up, so GL(s) = (ur +crs —v))/ (V) — v3))-

More generally, consider a contest with ny > 2 L-cost players and ng > 2 H-cost players.

With separated competition, the H-cost players compete for v(yy, ..., v as if they are in a

ng)

contest with ny players. Similar to (3), their equilibrium strategy G satisfies
aCyH G + O Gy —cgs =0 (10)

where C# " = 0 if ny = 2. The unique solution in [0, 1] is

—coprt 4 \/(C?H_l)z + 4aCy T Y eys
Gu(s) = QOngLH*l

CHS ifng =2

The highest performance in the support of Gy is v(,,)/cy. As above if an L-cost player
chooses this performance, he receives v, 1) and obtains his equilibrium payoff uy, = v(, 1) —
cLV(ny)/cu- The np L-cost players compete for v(,, 1), ..., V(n) as if they are in an ny, player
contest. Therefore, their strategy satisfies an analogue of (1):

TLL—l

> AR O TG —eps = ug,
m=0

where A) = vy for k=1,...,n and A = Azn_;ll — AZFl for k =1,...,n—m. Using techniques
from combinatorics (see Appendix A), we can verify that A7 | =0 form >3, AZ | =«
and A/%; = C’g_l +osz_1. Moreover, we have uy, = v(,,,+1) — CLU(n,)/CH, S0 the above equation

can be simplified to

aCy G+ A, 1 OT T GL + Uy 1) = €L = Uiy 41) — CLUGy) [l (12)

11



whose unique solution in [0, 1] is

AL OFF T (AL CFF 2 440G en(s — vy fen)
ifny, >3

GL(s) = 20051 (13)
cL(s — Vn-2)/cH)

Y(n) = U(n-1)

ifnL:Q

The equilibrium characterization generalizes as follows

Proposition 3 (Equilibrium with Separation) If 2 < np < n — 2, there is a unique equi-
librium, and the equilibrium payoffs are ug = 0 for the H-cost players and up = v, 1) —
CLY(ny)/cH for the L-cost players.

Y(ng)

2] and G, has support |
Moreover, Gy (s) is given in (11) and Gr(s) in (13).

Yng) V)" Vng+1) | Ying)
cyg ! cr, + cH ]

In the equilibrium, G has support |0,

3.4 Equilibrium with Nonpeformance

If a contest has n — 1 L-cost players and one H-cost player, then the H-cost player chooses
nonperformance with certainty and the n — 1 L-cost players compete for the n — 1 positive

prizes. Example 4 illustrates such an equilibrium.

Example 4 (Equilibrium with Nonperformance) Consider a contest with one H-cost player
with cgp = 3 and three L-cost players with cp, = 1. The prizes are the same as in Example 1. In
the equilibrium, the H-cost player chooses nonperformance and the L-cost players’ equilibrium

strategies are illustrated in Figure 5. The equilibrium payoffs are ug = 0 and up = 1.

To understand an L-cost player’s payoff, suppose others choose their equilibrium strategies and
he chooses performance slightly above 0. Then, he beats the H-cost player while losing to the
other L-cost players, so he wins v(p) = 1 with almost no cost. Thus, his equilibrium payoff is
ur, = 1.

Notice that the above equilibrium is an extreme case of equilibrium with separation with the
support of G reduced to a singleton. Therefore, substituting Al =1+ a, ny =1 and uy, =1

into (13) we obtain

0t [0 el s
GL(s) = 20052 B (14)

cr.s

ifnL =2
U(g)—].

Thus, the equilibrium characterization is as follows:

Proposition 4 (Equilibrium with Nonperformance) In a contest with one H-cost player
and n — 1 L-cost players, there is a unique equilibrium and the equilibrium payoffs are ug =0

for the H-type players and uy, = 1 for the L-type players.
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Figure 6: Four Equilibrium Types

In the equilibrium, the H-cost player chooses nonperformance with certainty and the L-cost

players’ strategies are given in (14).
So far, we have introduced four equilibrium types. Combining Propositions 1-4, we obtain

Corollary 1 The contest has a unique equilibrium. Moreover, the payoffs and strategies in the

equilibrium can be expressed in closed form and they are are given in Propositions 1-4.

Figure 6 illustrates the strategies’ supports in different equilibrium types. Consider a contest
with four H-cost players, we have an equilibrium with symmetry, illustrated in the leftmost
figure. If we replace one H-cost player with an L-cost player, the equilibrium changes to an
equilibrium with embedment, illustrated in the middle-left figure. If we replace another H-cost
player with an L-cost player, the equilibrium becomes the one with separation, illustrated in
the middle-right figure. Finally, replacing one more H-cost player with an L-cost one, we obtain

an equilibrium of nonperformance, which is illustrated in the rightmost figure.

4 Discouraging vs. Encouraging Entry

Consider an n-player contest with ny L-cost players. Suppose an L-cost player enters and
replaces an H-cost player, who is less productive. Notice that the size of contest is fixed to

t.!1 As a result, n — 1 players before the entry remain

n players, so there is no scale effec
afterwards. In the next two sections, we study how the entry affects these n — 1 players’
equilibrium performance. In particular, Section 4.1 studies how the entry affects individual
player’s performance, while Section 4.2 studies how the entry affects the total performance of

the other players.

4.1 Effects on Individual Performance

As we can see in Examples 1-4, as an L-cost player enters, an H-cost player’s strategy Gp

shifts up, so his performance after the entry first order stochastically dominates that before

110 many contests, prize structure changes are rare and infrequent. For instance, since the 1990s professional
golf tournaments have been designating a specific percentage to each prize, from first to 70th: 18% of the total
purse goes to the winner, 10.8% to the second place, ..., and 0.2% to the 70th. In addition, the “20-70-10” system
was used for twenty years in General Electric from 1981 to 2001.

13



the entry. However, after an L-cost player enters, an L-cost player mixes over a wider interval.
For example, the entry of the second L-cost player changes the support of G from [1.1,3] to
[1/3,5], and the entry of the third L-cost player changes the support from [1/3,5] to [0,8]. As a
result, the before and after-entry performance of an L-cost player cannot be ranked according to
first order stochastic dominance. However, they can be ranked in their mean: the before-entry
performance has a lower mean than the after-entry performance. Thus, in the examples, when
facing more L-cost opponents, an H-cost player reduces his expected performances, while an
L-cost player increases his expected performances.

Below we study this question in general: when facing more L-cost opponents, does an L-cost
player increase or decrease his expected performance? How about an H-cost player? Let G?Efore
be the t-cost player’s equilibrium strategy before the entry of an L-cost player and G3'" be
his equilibrium strategy after the entry. Moreover, let [§]§ef°re, E?Qfore] be the support of G?Efore

after zafter
t » St ]

and [s be the support of G2ft*. The following result discusses how the entry affects

individual player’s equilibrium strategy:

Proposition 5 Facing one more L-cost opponent, an H -cost player’s performance is less spread
oul: §§;fore _ §g€ter < ggte'r < gjz;fore gte'r
G and therefore E[sbd™] > B[4,

Facing one more L-cost opponent, an L-cost player’s performance is more spread out:

silter < ghelore  ghefore < after = Moreguer, if o is sufficiently small, B[s}™] < B[], If a

is sufficiently large, there is a weakly decreasing function vo(5%) such that E[S%efore] < E[szﬂer]

. Moreover, G is first order stochastically dominated by

if and only if c= < va("E).

n

Recall that an L-cost player is relatively stronger than an H-cost player. Intuitively, facing
more stronger L-cost opponents, an H-cost player expects to receive lower winnings, which leads
to lower performance to compete. This effect on winnings remains for an L-cost player: facing
more L-cost opponents, an L-cost player expects to win less. In the introduction, we refer to it
as the disincentive-from-top effect. However, there is incentive-from-bottom effect: facing more
L-cost opponents, an L-cost player expects to receive lower payoffs as well. Note that this effect
is absent for H-cost players as their equilibrium payoffs are always 0. Since an L-cost player’s
expected performance is E[sy] = (wr, — ur)/cr, the two effects push his expected performance
towards opposite directions.

It turns out that as the cost types becomes more asymmetric (smaller ¢y, /cp) or as the prize
sequence becomes more convex (larger «), the disincentive-from-top effect becomes stronger
relative to the incentive-from-bottom effect. As a result, for large a and small cr/cp, the
disincentive-from-top effect dominates the incentive-from-bottom effect, which leads to E[s?efre] >
E[s%fter]. Next, we explain in an example the roles of cost asymmetry and prize convexity.

As the two cost types become more asymmetric, ¢y, /cy decreases. In Example 3, the win-

. +
nings of an L-cost player wy = w

is unaffected by cp/cy. In contrast, up = v(@3) —
V(2)CL /¢, which means when facing weaker H-cost players, an L-cost player’s payoff is lower.

Then, more L-cost opponents has less impact on the already low payoff of uy.
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Recall that « increasing means the prize sequence becomes more convex. In Example 3,
suppose « is sufficiently large, so a higher prize is disproportionally larger than the lower

ones. To illustrate the main idea, we ignore lower prizes in the presence of a higher one. The

before __ Y@ TVE) o V@)
L - 2 ~ 2

.. + +
expected winnings w —~ reduces to w%fter = w ~ 1](74). In contrast,

the equilibrium payoff ulzefore ~ v(3) reduces to uizfter ~ v(z). As « increases, the prize sequence
. . (2 .
becomes more convex, and the winnings effect wifter — w}jefore ~ % increases faster than the

payoff effect u%fter — u]zefore A v(3) — U(2) does.

4.2 Effects on Total Performance of Other Players

In Section 4.1, we study how the entry of an L-cost player affects individual player’s performance
level, and find that the entry may increase one player’s performance while decreasing another’s.
Recall that n — 1 players remain after the entry. In this section, we study the entry’s effect on
the n —1 players’ total performance. More precisely, does the entry of an L-cost player decrease
the total expected performance of the others? Notice that the change caused by the entry is
equivalent to reducing one player’s marginal cost from cy to ¢;, while fixing the marginal costs of
the others. Therefore, we can rephrase the question: Does the other players’ total performance
decreases when a player’s marginal cost decreases?

We say a contest is discouraging if a player’s lower marginal cost leads to lower total expected
equilibrium performance from others. A contest is encouraging if a player’s lower marginal cost
leads to higher total expected equilibrium performance from others.

So far we have been discussing the main question in the context of entry /hiring. The question
is also relevant in decisions on staff training. For example, if an employee applies for a training
course, should the company approve it? If it approves, the training reduces the performance cost
of the employee. Then, does this change discourage his colleagues’ overall performance, or en-
courage their performance? Proposition 1 in Section 4 answers these questions by characterizing

the condition on (a,nr/n,cr/ci) such that a contest is discouraging/encouraging.
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Proposition 6 Fix the prize sequence and participant composition, the entry of an L-cost
player is encouraging if and only if the difference between cost types is sufficiently large. That
is, given any o and ny /n, there exists a unique ¢o(nr) € Ry such that TI°9(np) < I (n)

other other
if and only if & < ¢a(TE).

If we fix the composition of a contest, Proposition 6 implies that small ¢y /cy leads to the
encouraging effect. Let us explain why. If an L-cost player enters the contest, he encourages
the existing L-cost players and discourages the H-cost players. If ¢ /cy decreases, the L-cost
players becomes more productive than the H-cost ones. Then, a larger share of the performance
comes from the L-cost players, so the encouraging effect among the L-cost players becomes
more pronounced than the discouraging effect among the H-cost players. Hence, if cp/cy
is sufficiently small, the encouraging effect dominates the discouraging effect. It turns out
?»a(0) = 0 (see Lemma 2 in Appendix C), which means if an L-cost player enters a contest

containing only H-cost players, the entry must have the discouraging effect.

Proposition 7 If the prize sequence is not very convex, a contest with more weak participants
is more likely to be discouraging. That is, ¢o(5E) is increasing in = if a is small.
If the prize sequence is sufficiently convex, a contest with more homogeneous participants is

more likely to be discouraging. That is, ¢o(=2) is hump-shaped in ZL if o is large enough.

Figure 7 illustrates the first half of Proposition 7 if n = 10 and o = 0. As in the figure, the
entry of a strong player increases the participants’ performance if they are relatively strong, and
decreases their performance if they are relatively weak. To see why, recall that the entry of an
L-cost player encourages the other L-cost players while discouraging the H-cost players. Then,
as nr/n increases, the encouraging effect is more pronounced because there are more L-cost
players.

In contrast, Figure 8 illustrates the second half of Proposition 7 if n = 10 and o« = 2. As in
the figure, the entry of a strong player increases the participants’ performance if they are more
heterogeneous, and decreases their performance if they are more homogeneous. Let us explain
why the convexity of the prize sequence leads to the difference between the results in Proposition
7. Consider an extreme case with @ — 00, so the other prizes are negligible compared to the
first one. If there are ny L-cost players before the entry, they are competing for the first prize
and each wins the prize with probability 1/ny. After the entry, there is one more L-cost player,
so each of them win with a lower probability 1/(nr, + 1), which discourages their performance.
Moreover, this effect is more pronounced if the prize sequence is more convex.

Proposition 7 demonstrates two possible shapes of ¢,. There may be other shapes. Example

5 in the Appendix C illustrates an N-shaped ¢,,.

5 Barriers to All-Star Contests

In many situations, contest organizers want to improve participants’ ability. For example, a

sport tournament wants to attract better athletes, an academic department wants to recruit
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more productive researchers, and a company wants to improve its employees’ productivity. In
this section, we study barriers a contest organizer faces when she tries to improve participants’
ability. Specifically, can a company improve its employee ability without suffering from the
discouraging effect? To answer this question, we start with a company with n employees.
Among them, ny, are high-ability and have the low marginal cost cr, and n —ny, of them are of
low-ability and have the high marginal cost cg. The employees compete in an internal contest
described in Section 2. The company improves its employees’ ability, one employee at a time.
As a result, the number of high-ability employees, ny, increases while the number of low-ability
ones, n — ny, decreases. Eventually, we reach an all-star contest, in which all the employees
are of high-ability. In the above process, can the company achieve an all-star contest without
suffering from the discouraging effect?

The answer to the above question depends on the proportion of high-ability employees ny, /n,
and the convexity of the prize sequence «. It is easy to see in the following two examples. First,
suppose o = 0, n = 10 and ny, = 3. In Figure 9, for a given ¢y, /cy, the effects of improving
employee ability are represented by the horizontal arrows. Moreover, ability improvements
suffering from the discouraging effect are represented by red arrows, and those without the
discouraging effect are represented by blue arrows. In the figure, if ¢;/cy is sufficiently low,
improving an employee’s ability always encourages the other players. In contrast, if ¢z /cy is
not low enough, improving an employee’s ability first discourages the others then encourages
them. Thus, if the prize sequence is not too convex, a sufficiently high proportion of high-ability
employees and sufficiently large difference between ability types ensure the all-star contest can
be reached without the discouraging effect.

Second, suppose @ = 2, n = 10 and ny = 3. As we can see in Figure 10, if ¢ /cy is
sufficiently high, improving an employee’s ability always discourages the others. In contrast,
if if ¢p /ey is sufficiently low, improving an employee’s ability first encourages the others then
discourages them. In both cases, the all-star contests cannot be reached without suffering from
the discouraging effect. In the latter case, the company can still improve its employees’ ability

but cannot make all of them high-ability.

Corollary 2 Suppose the prize sequence is not very convex. Improving an employee’s ability
first discourages the others when the high-ability proportion is low, but eventually encourages
the others as the high-ability proportion becomes sufficiently high.

Suppose the prize sequence is sufficiently convex. Improving an employee’s ability first may
encourage the others when the high-ability proportion is low, but eventually discourages the

others as the high-ability proportion becomes sufficiently high.

Since the corollary is straightforward implication of Proposition 7, we omit its proof. Ac-
cording to the corollary, a very convex prize sequence imposes barriers for the company to
improve all employees to high-ability. In particular, if the ability improvement is sufficiently
large (sufficiently low ¢z, /cp) and there are enough high-ability employees, the company may be

able to improve employees’ ability without discouraging the others. However, as the high-ability
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proportion increases, the company eventually hits the barrier and suffers from the discouraging
effect.

In contrast, contests with a less convex prize sequence may not have such barriers. If
the ability improvement is sufficient large and the high-ability proportion is high enough, the
company can keep improving employee ability until all of them are high-ability. Thus, as the
proportion of its high-ability employees grows, the company needs to make its prize sequence

less convex in order to avoid the discouraging effect.

6 Effects on Total Performance

In Section 4 we study the entry of an L-cost player on individual performance and the total
performance of the other players. If the entry discourages the other players, can the entrant’s
higher performance make up the reduced performance from the others? To answer this question,
we study below the effect of an L-cost player’s entry on the total performance of all players in
the contest.

According to Proposition 6, if CCTLI < ¢a(5E), the entry of an L-cost player increases the other
players’ total performance. Moreover, this L-cost player replaces an H-cost player. Therefore,
if the entry has the encouraging effect on the other players, the entry results in higher total

performance. This result is formalized in the proposition below.

Proposition 8 Ifcr/cy < ¢o(nr/n), the entry of an L-cost player increases the total expected

performance.

If cp /ey > ¢pa(nr/n), the entry of an L-cost player reduces other players’ total performance,
which puts a downward pressure on the total performance. In contrast, this L-cost player
replaces an H-cost player, so the lower marginal performance cost puts an upward pressure on
the total performance. Thus, it is not obvious whether the total expected performance is higher

after an L-cost player enters.
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Let Iy (nr) be the total performance when there are ny, L-cost participants. After the entry
of another L-cost player, the total performance becomes Il (nz + 1). The result below char-
acterizes the condition for the entry to improve the total performance, as well as the condition

for it to reduce the total performance.

Proposition 9 The entry of an L-cost player results in higher total expected performance if
and only if the contest has sufficiently high fraction of L-cost players. For any «, there exists
a mapping e : {2,121} — [0,1/2] such that Hay(ng, + 1)/eu(ng) < 1 if and only if

L > Yo (TE). Moreover, ¢q is nondecreasing and ¥o("L) = da(5E).

Figures 11 and 12 illustrate the mapping . In both figures, 1o (%=) lies above ¢q(%-).
As a result, if the two performance costs are sufficiently different so that c% < ¢al(E), the
entry encourages the other players and increases the total performance. If the performance
costs become more similar so that ¢o(2) < ¢& < 9a(7E), the entry discourages the other
players but still increases the total performance. This is because the performance from the
entrant makes up the reduced performance from the others. If the performance costs become
sufficiently similar so that & > o (%), the entrant’s high performance is not enough to make
up the others’ low performance, so the entry discourages the other players and decreases the
total performance.

In addition, notice that in the figures the function ¢, (%%), which divides the encouraging
effect and discouraging effect, may be increasing or hump-shaped. In contrast, the function
Ya(5E), which divides the increased total performance and decreased total performance, is
always weakly increasing. We explain the intuition below.

An important reason for ¢,(%%) to be hump-shaped is the disincentive-from-top effect.
Recall that as another L-cost player enters, an existing L-cost player needs to share the top
prizes with one more player, which discourages his performance. However, for consideration of
total performance, this effect is endogenized because the loss of one L-cost player is the gain

of another L-cost player. Thus, the disincentive-from-top effect does not apply to the total
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performance. As a result, due to the incentive-from-bottom effect, the entry increases each
L-cost player’s performance but decreases each H-cost player’s performance. Hence, the more
L-cost players in the contest, the more likely that the entry increases the total performance,

that is, ¢o("E) (weakly) increases in “E&.

7 Literature

Many firms use internal rank-competition to incentivize employees. In the 1980s, Jack Welch,
then Chief Executive of US company General Electric, introduced a “20-70-10” system to mo-
tivate the employees, where those with top 20% evaluations should be generously awarded and
those at bottom 10% should be fired. Other firms using interval rank-competition include
Amazon, General Motors, Hewlett-Packard, IBM, Johnson&Johnson, Motorola and Yahoo."?

As discussed in the introduction, empirical studies demonstrate the encouraging and dis-
couraging effects in different contests. In theoretical work on contests, and closely related
auctions, it is also the case that different effects are demonstrated in different setups. The
encouraging/discouraging effects illustrated in studies on favoritism/handicap in contests are
similar to ours in the case of not very convex prize sequences. For example, in two-player
Tullock contests (e.g. Baik 1994, Nti 1999) or two-player complete-information all-pay auctions
(e.g. Konrad 2002, Fu 2006), leveling the playing field, or making the weaker player stronger
or the stronger player weaker, can improve effort. Similar results are illustrated in two-player
incomplete-information all-pay auctions as well (e.g. Amann and Leininger 1996, Lizzeri and
Persico 2000). According to these results, the entry of a high-ability player discourages the
low-ability player while encourages the high-ability one. Our findings generalize these effects to
n-player contests. Obviously, in two-player auctions, there cannot be a convex prize sequence,
so our findings for sufficiently convex prize sequences do not have counterparts in two-player
contests.

Discouragement effect is illustrated in contests with a single prize. For example, Baye,
Kovenock and de Vries (1993) study a complete-information all-pay auction, which is isomorphic
to a contest with a single prize, with more than two players. A single prize can be viewed as
an extremely convex prize sequence, so their discouraging effect is similar to our findings with
sufficiently convex prize sequences. Our setup allows prize sequences with different convexity.
In the theoretical section of the paper, Brown (2011) shows a superstar’s entry discourages the
others’ performance in two Tullock contests. First, if a high-ability player enters a contest of one
prize and n low-ability players, the low-ability players reduce their performance. Second, if a
high ability player enters a contest with two prizes and three players with different abilities, the
other players also reduce their performance. The analysis in the three-player contest is based

on numerical solutions because the equilibrium has no closed-form characterization. Table 1

123ee Peters and Waterman (1988) for rank-competitions in IBM, Johnson&Johnson, General Motor, Hewlett-
Packard; Caroll and Tomas (1995) for Motorola; Swisher (2013) for Yahoo and Kantor and Streitfeld (2015) for
Amazon.
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Players Prizes Entry Effects

Bay et al. (1993) one strong and n weak one prize  discouraging

Baik (1994), Nti (1999), Fu (2006) one strong and one weak one prize encouraging

one strong and n weak one prize . .
B 2011 - -
rown (2011) 3 different players two prizes discouraging
; . encouraging
Th — k . .
is paper nr, strong and n —ny wea n prizes discouraging

Table 1: Discouraging/Encouraging Effects in Literature

summarizes the relationship of this paper and the above literature.

This paper provides a tractable model that accommodates prize sequences with different
convexity, and arbitrary composition of the two ability types, and players of heterogenous
abilities. Such contests with asymmetric players and heterogeneous prizes are notoriously known
for complex equilibrium strategies, and only a few models turn out to be tractable. For example,
with asymmetric participants, equilibrium characterization is provided in contests with two
heterogeneous prizes (e.g. Moldovanu and Sela 2001, Szymanski Valletti 2005, Xiao 2018), with
a linear prize sequence with o = 0 (e.g. Bulow and Levin 2006, Gonzalez-Diaz and Siegel 2013),
with prizes of identical values (e.g. Siegel 2010). The prize sequences in this paper generalize
the linear prize sequence and allow a > 0, so they can have different levels of convexity. Xiao
(2016) studies geometric prize sequence, in which consecutive prizes have the same ratio, and
quadratic prize sequences, which include the prize sequences in this paper as special cases.
Moreover, Xiao (2016) studies participants whose abilities are all different, and characterizes
equilibrium strategies as solutions to ordinary differential equations. In contrast, participants in
this paper have two ability types, and we explicitly solve the equilibrium strategies. With a large
number of participants, Olszewski and Siegel (2016) study contests with a general distribution
of prize value and participant ability and solve equilibrium strategies explicitly. However, the
entry effects in this paper vanish in large contests because the entry does not change the ability
distribution.

This paper studies how a high-ability opponent’s entry effects the other participants’ per-
formance. Many other features affecting participants’ performance choices are also studied. For
example, in dynamic elimination tournaments, Brown and Minor (2014) study how the winning
probability varies with the ability of future competitor and effort spillovers across stages. In a
repeated contest, Kubitz (2017) studies how early actions affect the belief of competitors’ ability
and therefore affect effort choices. In our paper, we do not have private information, so those
reasons do not arise. Instead of the entry effect studied in this paper, Morgan, Sisak and Vardy
(2018) study participants’ strategic choice between contests different in show-up fees, number
or value of prizes. Fang, Noe and Strack (2019) consider how the change of competitiveness
affects participants’ performance, while in this paper we study how the change of participants’

ability composition affect their performance.
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8 Conclusion and Extensions

In this paper, we study a class of contests that may differ in three dimensions: the convexity
of prize sequences, the composition of ability types, and difference between ability types. We
provide a closed-form characterization of the unique type-symmetric Nash equilibrium for such
contests. Using the characterization, we consider which contests, in the three-dimensional space,
are encouraging/discouraging so that the entry of a high-ability player increases/decreases the
performance of other participants.

We consider the pure competitive effect, which means the participants only view others
as opponents and a participant’s presence does not affect others’ ability. It is an interesting
extension to consider externalities among the players. The externalities are mutual in the sense
that the low-ability players may have a negative externality on the high-ability one and the high-
ability players may have a positive externality on the low-ability players. Then, it is unclear
how externalities affect the encouraging and discouraging effects identified in this paper. Our
model could serve as a benchmark to introduce externalities, and we hope to explore this idea
in future research.

The model in this paper has complete information. While it would be desirable to study a
similar environment under incomplete information, the problems associated with multiple prizes
and asymmetric players under incomplete information are well known from auction theory. For
instance, even with symmetric players very little is known about discriminatory (pay-as-you-bid)
auctions for the sale of multiple units. Similar difficulties arise when considering all-pay auctions
with multiple prizes.'® The complete information setting allows us to study environments that,

as yet, cannot be studied under an incomplete information setting.

13Studies of similar cases have shown that there is a unique equilibrium in asymmetric all-pay auctions with
two players (Amann and Leininger 1996, Lizzeri and Persico 2000). The complexity in the case of more than two
players is demonstrated by Parreiras and Rubinchik (2010).
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Appendices

A Techniques from Combinatorics

In this section, we present a selection of results in Combinatorics (see, for example, Riordan
2012), and use them to derive properties of our model that we repeatedly use in the proofs.
The Pascal’s identity: C} = C’,:‘*l + C,?:ll. Recall that v(x) = Cffl + ozC'g*l, SO

AL =0y — o) =CF = CF M+ a(Cy = CF 1) = C ! + aCy ! (15)

where the last equality is from the Pascal’s identity.

The hockey-stick identity: Y _, C/" = C’,?_tll The sum of all the prizes is

V= vg =D (C " +aCy™) = CF + aCy (16)
k=1 k=1

where the last equality is from the hockey-stick identity.
cr  cptt

The absorption identity: C}' = %Cg:ll, SO —=%. Then, the average value of prizes

k.
n
is

_Cpt+aCy _O7TH acy

— 17
n 2+3 (17)

V/n

where the last equality is from the absorption identity. Similarly, the average of the lowest m

prizes is

k=it _ C7T ey

1
m 2 3 (18)
and the average of the top m prizes is
> k—n—m+1 V(k) _ V=3t v
m m

_ OGP -G (G -G

N m

_ 2n—;n—1+an(n—1)—|—(2n—;n—1)(n—m—2) (19)

where the second equality is from (16).

B Omitted Proofs in Section 3

Proof of Proposition 2. We first verify that G (s) given in (7) and (8) is strictly increasing

and has values in [0, 1]. Using the closed-form expressions in (7) and (8), it is straightforward

V(n
el

Next, we verify that G, is continuous, strictly increasing, and has values in [0,1]. Since

to verify that G is continuous, strictly increasing, and Gg(s) € [0,1] for s € [0
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C

GL(U(—;)) =1, it is sufficient to show that G’ (s) > G';(s) whenever G(s) > 0. Recall that the

strategies in (8) and (9) are solution to

aCy G + CP Gy — cps = ug,

a(Cy2Gy + O *GuGr) + (C1°Gu + Gr) —cgs =0 (20)
Taking derivative with respect to s, the above equation system becomes

aCy 12G gy + CY gy = c1, (21)
a[Cy 22G gy + CY *(guGr + Grgr)| + (C2gu + g1) = cu (22)

where g¢(s) is the derivative of G¢(s). We claim that gr(s) < gr(s) if Gu(s) > Gr(s). To
see this, suppose otherwise that gg(s) > gr(s) and Gy (s) > Gr(s) for some s. Then, the two

inequalities implies that the left hand side of (22) is lower or equal to

2072 + 207" G rgn + (C7 2+ 1) gy

= aC’S_IQGHgH + C{L_lgH =cr <cpg

where the second equality is from (21). Therefore, (22) cannot hold, which is a contradiction.
Thus, we have gy (s) < gr(s) if Gu(s) > GL(s). Since G (v()) = GL(v)), we have g (v(y,)) <
9r(v(n)), which means Gg(s) > Gp(s) for s slightly below v(,). Moreover, gu(s) < gr(s)
implies that the difference between Gpg(s) and Gpr(s) is increasing. Hence, we always have
Gr(s) > Gr(s), and therefore gr(s) < gr.(s).

Let sy be the highest performance in the support of Gg. Since the L-cost player can always
choose 57 at a lower cost than an H-cost player can, his equilibrium payoff is ur, > ug.

Next, we argue that Gy has no atom, which means G does not assign positive probability
to any s > 0. To see this, suppose Gy has an atom at s > 0. Then, given others’ equilibrium
strategies, an H-cost player’s payoff increases discontinuously as he increases his performance
from s to slightly above. This means s is not a best response, which contradicts the assumption
that G assigns positive probability to it.

We show below that s; > 0, where s; is the lowest performance in the support of Gr.
Suppose otherwise that s; = 0. Then, given others’ equilibrium strategies Gg, by choosing
sy, an L-cost player receives the lowest prize v(;) = 0. This is because Gy has no atom at 0.
Therefore, the L-cost player’s payoff is uy, = 0, which contradicts with uy, > up.

Then, we must have s;; = 0. Suppose otherwise that s;; > 0. If an H-cost player deviates
from sg to 0, he receives the same expected prize at a lower cost, which can never arise in an
equilibrium.

Given others’ equilibrium strategies, an H-cost player receives v(1) = 0 prize with certainty
by choosing s = 0. This is because s; > 0 and Gg has no atom. Thus, ug = 0.

Next, we show uy, = v(n)(l —cr/cp). Notice that 55 < v(n)/cH because any performance
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above v(,)/cy can only give an H-cost player a negative payoff. By choosing 5y, an L-cost
player can guarantee himself a payoff of v(,,)(1 —cr/cy). Thus, ur, > v(,)(1 —cr/ch). Suppose
the inequality is strict: uz, > v(,)(1 — cr/cm). Then, 5, < v(,)/cy. In addition, we must have
55 = vn)/ch because 5y < v(,)/cy would imply uy > 0. As a result, only H-cost players mix

over [5r1, 5] and their strategy Gy satisfies
aCl2G% + (14 )0 %Gy +1—cys =0 (23)

To see why, recall that G in (8) is a solution to (20). Replacing G, with 1 in (20) gives us (23).
For s slightly below v(,,)/c, we have G',(s) < 1. Since the left hand side in (20) is increasing in
both G, and G, as we increase G, to 1 in (20), its solution decreases from Gy (s) to G (s).
Thus, at any s slightly below v(,,)/cp, the L-cost player’s payoff is acgflé%{ + C’{L*lC?H —crs,
which is strictly lower than aCy 'GZ +C Gy —crs = V(ny(1—c/ey). This is a contradiction
to ur, > vn)(1 — cr/cpy) established above. Thus, uy, = v(,) (1 —cp/cn).

We also show above that 5, < v(,)/cy leads to a contradiction, so 5, = v(,)/cy. Then,
SH = v(n)/ cyr, otherwise the L-cost player could benefit from reducing §y,.

It remains to show that both Gy and G have interval supports. To see this, suppose Gy
has a gap in its support: there is an interval (s, s%;) such that Gy (sy) = Gu(s%) € (0,1).
Then, the L-cost player is the only one mixing over that gap, which violates the property of
no aggregate gaps. Suppose G has a gap (s7,s]) in its support, then Gr(s) = G (s}) for
all s € [s7,s7]. Given others’ equilibrium strategies, an H-cost player’s payoff by choosing any

se(sh,s])is
(O3 2G4+ CT2GrGr(sy)) + (C12Gy + Gr(sh)) —cys =0 (24)

Let Gy (s) is the solution to this equation. Since G (s) in (9) is lower than G (s;) for s €
87, 5", the solution Gz (s) of (8) is higher than that of (24), i.e. G (s) > Gp(s) for s € [s}, s7).
Hence, given others’ strategies, an L-cost player’s payoff by choosing s/ is strictly lower than

uy, which is a contradiction. m

Proof of Proposition 3. Using (11) and (13), it is straightforward to verify that Gg(s) and

G (s) are strictly increasing and continuous in s, and are between [0, 1]. If others use strategies

U(ng)
Tenw S

given in (11) and (13), an H-cost player’s payoff by choosing any s >

Un(s|Gu,Gr) = aCy G (s) + CTEAL GL(S) + Viny) — CHS (25)

ng)

We show in the next two paragraphs that this payoff is always negative.
We first verify that Uy (s|Gg,Gr) is convex in s. If ny = 2, GL(s) is linear in s, so
substituting (13) into (25) we obtain Uy (s|Gx, G 1) as a quadratic function. It is straightforward

to verify the quadratic function is convex. If ny > 2, recall that G (s) is a solution to (12),
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from which we obtain

_CLU(nH)/CH +crs — A;H_HCILL_lGL(S)

20\
aG7(s) = C;LLil

Substituting this into (25), we obtain

—CLU(ny)/CH + CLS — A}LHHCfL*lGL(S)

Un (s|Gu,Gr) = Cy* +COTF AL, GL($) + vy — crs

cpet
whose derivative is
creone—! cne
Uy(s|Gu,Gr) = (C?LA}LH - %A}mﬂ gr(s) + ﬁq —cH
2 2
nr — 1 CnL
:m«mfwrﬂgﬁgﬂ@+m;ﬂf@ (26)
2

Notice that A} =< A, so Al — ”LilA}lHH < 0. In addition, using (13), it is straight-

nH+1’ anQ
forward to verify that gr,(s) decreases in s. Thus, (26) implies that Uy, (s|Gg, GL) increases in
s. Therefore, Uy (s|Gp,GL) is also convex in s if ny > 2.

Then, we show that Ug(s|Gy,Gr) < 0 at s = — D 4 2w) - qf an H-cost player

CL CH

Y(n) “V(npg+1) + Yng)

o o, his payoff is no more than

chooses performance

CH
Vin) = V(ng) — (V(n) — U(nHJrl))g

VUn) = Vng) ~ 2(V(n) = V(ngg+1))

IN

_(U(nH—l—Q) - U(TLH+1)) + (v(nH+1) - vnH)

< —«

where the first inequality is from cy > 2cp. Recall that o > 0, so Ug(s|Gg,Gr) < 0 for

s = v(")_Z(LnHH) + v(;f). It is straightforward to verify that UH(U?TH)]GH, Gr) = 0. Hence, the

convexity shown above implies Uy (s|Gy,Gr) < 0 for any s € (

Yng) Y(n)“V(np+1) Y(ng)
CH ’ CL + CH ]

In the next two paragraphs, we show ur > v, 1) — U(”H)%' Suppose otherwise that
ur < V(py41) — v(nH)g—IL{, then we claim 5, > v(,)/ch. To see this, notice that if 5; > v, /cu,

an L-cost player can deviate to performance v(,)cy and wins v,), so his equilibrium payoff

satisfies
UL 2 V) (1 - Ccfj)
CL CL, CL,
= (1 - CH> (V(n) = Ving+1)) — a(v(nHJrl) = V(ng)) T Vng+1) — V) o
> 2 () = Unran)) — V1) = V)] + Vg 1) — Vo) -
2 (n) (ng+1) (ng+1) (nm) (ng+1) (nH)cH
Cr,
2 Ung+1) — Vi) ¢
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which contradicts with ur, < v, 41) — . Thus, 51, > v(,)/ch-

(nH)
Notice that the H-cost players never choose performance above vy, /¢, so 5 < U(n) /cH-
In addition, we show above that s;, > v, /cm, so Sp, > Sg. Hence, only the L-cost players mix

over (Sg,8r), so their equilibrium strategy G, satisfies

aCyrtG2 + A%LHHC?L_léL + V(ny+1) — CLS = UL

Recall that we assume ur, < v(,,41) — v(nH) , so comparing the above equation with (12), wi
have G'z.(s) < Gz (s), which is described in (13). Recall that G (s) reaches zero at s = %, S0

("H)

the equilibrium strategy G, must reach zero at a higher performance: s; > Therefore,

Sy = Sp >

%, where S is the highest performance in the support of H—cost players’

equilibrium strategy. This means G (Sy) is well-defined. Then, given others’ equilibrium

strategies, an H-cost player’s payoff by choosing s is:

anLé%(gH) + C{LLA}LHGL@H) + V(ny) — CHSH
< aCytGi(sh) + CYEA,, GL(5m) + v
= UH(§H‘GH,GL) <0

ny) ~ CHSH

Yng) Y(n) " Y(ng+1) Y(ng)
cyg cr + CH ]

where the last inequality is due to Uy (s|Gg,Gr) < 0 for any s € (

This is a contradiction to the equilibrium payoff uy = 0. Thus, we have ur, > v(,,,;41) = V(ny) (%
We show in the next two paragraphs that s; = sy. If others using strategies given in (11)

and (13), an L-cost player’s payoff by choosing any s € [0, (n;”] is
UL(S|GH, GL) = (XC;ZHG%{(S) + CIZHGH(S) — CLS

with Gg(s) given in (11). By using the same argument for Uy (s|Gg,GL), we can show that
UL(s|Gm,GL) is convex over the interval [0, v(c"—H)] In addition, at the boundaries of the interval,
we have UL (0|Gr, GL) < V(ny41)— ’U(nH) L and Uy, ( —oag) ]GH,GL) = V(ny41)— v(nH) . Hence,
UL(s|Gu, GL) < V(nyt1) = Ving) ez for all s € [0, %]

Recall that sy < s, so for s € [0,s;], the H-cost players’ equilibrium strategy is given
by (11). Moreover, given others’ equilibrium strategies, an L-cost player’s payoff by choosing

performance s; is up:

aCy3 G (sp) + C1 " Gr(sy) — cLsp = ug

Recall that ur, > v, 41) — (nH)* so we have
crL
aCymGY(s) + C1"Gr(sy) — cLsy, > Ving+1) — U(nH)g
Since UL(s|GH,GL) < Vny41) — V(ng) 2 £L for all s € [0, ("H>) the only s; satisfying the above
inequality is s; = U(:;’), S0 8y, =8y = (CH and Uz, = V(p,41) — (nH)ngf
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U("If '], the H-cost players’ equilibrium strategy must satisfy

Therefore, over the interval [0,
(10), which gives Gg(s) in (11). Similarly, for s > UZLTH), the L-cost players’ equilibrium strategy
must satisfy (12), which gives Gg(s) in (13). =

Proof of Proposition 4. First, we must have 5; > S, otherwise there is an aggregate gap
(51,5m). In addition, s; = 0 for the same reason.

As a result, if an L-cost player deviates to a performance slightly above 0, he cannot win
the top ny, — 1 prizes, so his payoff uy, < vs.

Since uy, < v9 and 31, > Sy, we must have 57, > (v(n) — 0(2))/cL. Then, for s > 5y, the

L-cost players’ equilibrium strategy G 1.(s) satisfies

aCyE G2 (s) + ALCTETIG L (s) + V(9) — CL8 = UL, (27)
Recall that G(s) given in (14) is a solution to

aCyE G2 (5) + ALCTET1GL(s) + V(2) — CLS = V(2) (28)

Therefore, if u;, < v(y), we have G r(s) < Gr(s) in their common support. Moreover, given

others’ equilibrium strategies, the H-cost player’s payoff by choosing s is

aCyr G2 (5) + CY G r(5m) — cudn

< aCy*G3(Gy) +C*Gr(3y) — cudn =0

which can never happen in an equilibrium. Thus, uz, = v(9) and 5, = (v(,) — v(2))/cL-
Substituting u;, = v(9) into (27), it becomes (28). Thus, the L-cost players’ strategy G.(s)
for s > §p is given by (14). Moreover, the H-cost player’s payoff by choosing sy is

OZCSLG%(gH) + C?LGL(EH) —cgsg =0

whose unique solution is sy = 0. Hence, the H-cost player chooses non-performance with

certainty, and the L-cost players’ strategy is given by (14) for s € [0, (v(n) — v(2))/cL]. ™

C Omitted Proofs in Section 4

For simpler notation, we use r = ¢r/cy. In addition, let * = cys and Fy(x) = Gg(x/cy).
Recall that if ny, = 1 and ng = n — 1, the H-cost player’s equilibrium strategy for s € [0, s;] is

a solution to
aCy 2G4, + O %Gy — cgs =0

and his strategy for s € [sy,v(,)/cn] is a solution to

an_lG%{ + C?_lGH —cLs = v(n)(l —r)
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Let F'(x) and F(z) be the solution to

aCh2F2(2) + CV 2Fy(z) = = (29)
aC’S_lFIz{(x) -+ C{”_IFH(x) = vl —7)+re (30)

and

—C{L*l + \/(0?71)2 + 40[0371(1}(”)(1 —r)+rz)
20051
—Op 4\ (OF )2 4 40Cy e

2

Then, Fy(z) = Fy(zx) for z € [0,2] and Fy(z) = Fy(z) for z € [Z,v(n], where & solves
Fy(z) = Fy(x).

Notice that Fy(#) and 4 are solution to the equation system (29) and (30). Multiplying
both sides of (29) by n — 1 and multiplying both sides of (30) by n — 3, we obtain

DO D0 By 4 (- D - D) = (-1
a(”_l)(”;2)<”_3) F2(2) + (n— D(n—3)Fy(@) = (n—3)(vp(l—r)+ri)

We can cancel the term with F% (%) and obtain

Fu(i) = a:~<1—”_3 >—n_3v(n)(1—r)

r
n—1

Substituting (31) into the above equation, we obtain

—CT O+ 4aCE oy (L= ) +1E) g
20Ch T - T

(V) — 7(vm) — )] (33)

which can be rewritten as a quadratic equation of . Therefore, we can also have a closed-form

characterization of Z. Since s; = & /cpy, so we also have a closed-form characterization of s

Lemma 1 Suppose there is one L-cost player and n — 1 H-cost players.
1) If a« =0, then

Elegsh] = (34)

2
2) et <0.
Proof. Since ny =1 and o = 0, the L-cost player’s strategy satisfies

(n—1)Gyg —cps =up,
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whose solution is

~ ur, +crs
Culs) == 1

Similarly, if an H-cost player chooses a performance level close to 0, his payoff is
(n—2)Gg —cgs=0

whose solution is

Let 5z be the solution to G (s) = G (s). That is

cgs ur, +crs

n—2 n—1
SO
sy = ) l—cp/ch
C C
n—1 ni{Q - nfl
and
R 1—r
CHSH = Y(n) =1 _ _
n—2 T
Hence,
Sy R SH _
cuE[sg] :cH/ sdGH(s)—i-cH/ sdGp(s)
0 e
where
Smo Su CHS ”(Qn) 1—r ’
c sdGr(s) = crsd =
H/O u(s) /0 =2 7 2(n—2) \ =L =y
and
5w _ V(n)/CH vmy/er
CH/ sdGy(s) = / CLchstZ/ lc—LcHschs
3% 5y n-— 5y n—1c¢y
2 2
KON TV(n) 1—7r
= / _1tdt:72( ey e
erdp ™ n n—2 T
Therefore,
vl 1 1 ’ 1 ’
(n) —r r —r
E = —= 11— ——
lcrrsn] 2 n—2(”1—r> +n—1 ("1—7“>
n—2 n—2
_ n—1n-2)—r(n-23)
N 2 (n—=1)—r(n-2)

where the second equality is from v(,,) =n — 1 when a = 0.
Next, we prove % < 0 in three steps. First, Fy(z) is decreasing in . If «v increases,
(29) implies that Fy(z) decreases, and (30) implies Fiy () decreases. Therefore, Fy(z) decreases

as « increases.
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is increasing in «. Equation (29) implies that 8Fgr($) is independent of «.

Second, 8Fgr(x)

Taking derivatives of both sides in (30) w.r.t. r, we get

0Fn(a)n— 1)(n —2) + (0 — 1] I — (g (35)

If o increases, the first step implies that Fy(x) decreases, so aFaLr(x) has to increase according
to (35). Hence, aFaLr(x) increases as « increases.
2
Third, 9Blensul - (). To see this, notice that

orda
aE[CHSH] 0 Y(n)
_ ' OFp (x)
= /0 pe dx

which decreases if « increases because of the second step. m

Proof of Proposition 5. Propositions 1-4 characterizes the boundaries of equilibrium
strategies’ supports in closed form, so it is straightforward to verify that §'}’ff°re = §§ter <

gla;ter < glIJ{efore and §%fter < §lzefore < §2efore < gzifter‘
In the next three paragraphs, we show G2t (s) > Gbefore(s) for s in their common support.
We start with the case ny, = 0, so there are n H-cost players in the contest. The equilibrium

G'[’ffore is characterized in Proposition 1, and it satisfies
acgfl(G?{eforey + C{LflGlI){efore —ecys=0 (36)

When there is one more L-cost player, we have n;, = 1 and the equilibrium G'j}fter is characterized

in Proposition 2, and it satisfies

aCy (G + O G — cyys =0 (37)
for s € [0,s;], and
aC;z—l(Gz;;ter)Q + C{L—lGlatﬁter — 8= u%fter (38)

for s € [sp,v(n)/cu]. Comparing (36) and (37), we obtain Ghefore () < Galter(s) for s € [0, ;]
Notice that uaLfter—i—cLs—cHs is decreasing in s, so uaLfter—i—cLs—cHs > uaLfter—i—(cL—cH)v(n)/cH =
0 for s < vg,y/ey. Thus, comparing (36) and (38), we have Ghefore(s) < Galter(s) for s €
[§L7 U(n)/CH}'

Next, suppose ny, = 1. Then, the equilibrium is characterized in Proposition 2. Similar to

(37) and (38), the equilibrium strategy Gbfior satisfies

an_2(G?ff0re)2 + C?—2GII){efore —cpys = 0 (39)
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for s € [0, s7], and
anL—l(G}a{efore)2 + C?—leﬁafore —cps = u%fter (40)

for s € [sp,v(n)/cu]. When there is one more L-cost player, we have ny, = 2. Moreover, if
n = 3, Proposition 4 implies the H-cost player chooses non-performance with certainty. Thus,
G3lter(0) = 1, and therefore Gbore(s) < Galter(s). If n > 3 and ny, = 2, the equilibrium is

characterized in Proposition 3, and the strategy Gigter satisfies
aCR=3(Gaftery2 L on=3gatter _ s =0 (41)

Comparing the above equation with (40), we have G¢or¢(s) < Galter(s) for s € [0, nglf)]ﬂ[o,gﬂ.

If v(c"—:’) < s, we already prove Gb¢fore(s) < Galter(s) for their common support. If U(STH) > S5,

. V(n ..
then consider s € [s;, —#)]. TIn this interval, we have w3 + cps — cgs > udl™ + (¢ —

cr
CH)U(C"TH) = vl —cr/ch) + (cL — CH)U(CL;’) > 0. Therefore, comparison of (40) and (41)
implies G2efore(s) < Galter(s) for s € [sy, U(C"—;)] Thus, Gbeore(s) < Galter(s) over their common
support.

Consider ny, = 2. We already discussed n = 3 above, so suppose n > 4. If n = 4, then if
there is one more L-cost player, we have n;, = 3 and nyg = 1. Therefore, the H-cost player
chooses non-performance with certainty, and therefore Gb¢fre(s) < Galter(s) over their common
support. Consider the case n > 4. Then, the equilibrium is characterized by Proposition 3, and

the equilibrium strategy G?ffore satisfies
aCy 3 (G )? + OF Gy — eps = 0 (42)
If there is one more L-cost player, the equilibrium strategy Gﬁter satisfies
aCy~HGH)? + CT G — cps = 0 (43)

Comparing (42) and (43), we have G2¢fre(s) < Galt*(s). We can continue in the same way to
verify GPefore(s) < Galter(s) for larger ny, = 3,...,n — 2.

In the remainder of the proof, we compare E[s3*'] and E[s?°fr]. First, consider ny = 1.
Recall that the expected winnings of an H-cost player is E[cysy], so the expected winnings of
the H-cost player is V — (n — 1)E[cgsy]. The L-cost player’s expected performance is

Wi —ur, V—(n-1E[cusy] —vm)(l—r)

E before — —
[s27°"] . CL

If there is one more L-cost player, then

V) T Vn-1) Yn-1) )

E after] _
[SL ] QCL Cy, cHy
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Therefore,

E[sbefre]  V — (n—1)Elemsn] — v (L —7)
E[S%fter] w + V(n—2)T

vV — U(n) — (n — 1)E[CHSH] + V()T

Vin)—V(n—
(n) 2( 1) +v(n72)7¢
before
In the remainder of this paragraph, we show that I?E[Fsi“er} < 1 if and only if r is sufficiently
11 M L. fﬁ . h h 9 ]E[SlieforeL O f ]E[Sliefore . 1 W h E[sliefore . 1
small. Moreover, it is suflicient to s ovvbtf at g; Efsi7oe] >01 Efssfer] 10 1t Efsifer] L
it is straightforward to verify that %%Fsﬁftcr]] has the same sign with
L
OE[cysH]
—(n = 1) =5 == + V) = Vu-2) = M(e) (44)
0%Elcy sy

From Lemma 1, we have =—5 5=+ <0, so

O*Elcnsu) N I(V(n) — V(n-2))
orda da

<0 >0

M'(a) = —(n—1) >0

n—1 (n—2)—r(n—-3)
2

Thus, it remains to show M (a) > 0 for « = 0. Lemma 1 implies that E[cgsy] = =D —r(n=2)’

so we can rewrite (44) as

1 1
M(O)z——2+2>—712+220
2(1-r2=2) 2(1-3)
, . . 9 E[Slzefore] . ]E[slzefore
Hence, M(0) > 0 and M'(a) > 0 imply M(a) > 0, which means 5 Epare] 0 if BT = 1.
L L

Next, consider n;, = 2,...,n — 2. Then, we have either the equilibrium with separation or
the equilibrium with non-performance. In either case, the total prize the L-cost players win is
ZzanH v(k) and their equilibrium payoffs are ur, = v(,,;41) — CLU(nH)/CH- Therefore, we have
D heng 11 V(k) — nLcLE[sL] = npuy, where the mean E[sy] is calculated using distribution Gy
Thus,

nr

'I’Lin v 1

ZZ:nH+1 V(k)

Recall that v is weakly convex in k so the average value of the top ny prizes: e

decreases in nz. Moreover, we can verify that up = v(,,,41) — CLY(n,)/cn is decreasing in
ny, = n—ny, which means if there are more L-cost players, they earn lower equilibrium payoffs.
Therefore, it is not obvious whether E[sy] increases with ny. However, we show below that

E[sy] is indeed increasing in ny. Substituting uy, = v(n,41) — €LY(ny)/ca and ng = n —ny, into
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the expression of E[sz], we obtain
Dknnp 1190 _ Unmng+1) | Ynny)

E[sr] =
cLny, cr, CH

Let E[skL’efore] be the above expected performance. If there is one more L-cost player, an L-cost

player’s expected equilibrium performance is

Dknony U0 Vn-ng) | Ynmng-1)
cr(nn +1) cr cH

]E[ S%fter] —

Recall that cy > 2cy, so to show E[safer] > E[shefore] /it is sufficient to show

n n
> ken—ny, V(k) cr > ken—ny+1 (k)

CL
ng + 1 ~ Y(n—nr) + gv(n—nL—l) > ng — U(n—ng+1) + av(n—nL)

which can be rewritten as

> k=n—ny+1 V() _ 2 k=n-ns U(k)) =~ 0

o+ (1 - T) (v(n—nL) - U(n—nL—l)) - ( ng ng + 1

Let the left hand side be L(a). We can verify that L(0) = 2 —r > 0. Moreover, using (15) and
(19), we have

(2n—np —1)(n—ng —2)

L' = 1+(1-r)(n—np—2)—
+(2n—nL—2()j(n—nL—3)

4—77,L 1
= - -
G —|—<2 r>(n nr, )

Since L(a) is a linear function, and recall that L(a) = E[s3*"] — E[sbefre] 50 we have

1 4 — 1
E[s3"] — E[s}™ = S —r +a < L+ (2 - r) (n—ng - 2))

If « — 0, we have E[s3*"] — E[s?°"] converges to & —r > 0. If ny < 4, we always have
E[safter] > E[sbefore]. If 4 < nj, < n — 1, then E[s3*r] > E[sbefr] if and only if

;_r+a(4_6nL—|—<;—T>(n—nL—2)>>0 (45)

Finally, consider n;, = n — 1. Then,

E[Sbefore] _ ZZZ? Y(k) _ i
L crin—1) ¢f
D1 U(k)
E after — =
[s7°] ~ean
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ny, =0 ny =1 2<n,<n—-2|nrp=n-1

_3 Lemma 4 ifa=0 L 3
= Lemma 6 if & > 0 crma

Lemma 2 -
n >4 Lemma 5 ?f a=0 Lemma 8 Lemma 3
Lemma 7if o >0

Table 2: Lemmas for Proposition 6

Recall that vy =0, 50 > ;o vy = >_p_; Yky = V. Then, using (16), we have

Cp + aCy

CL(E[Sifter] . E[Skiefore]) -1 n(n — 1)

which is linear function of o with a negative slope. Therefore, E[s3*'] < E[sb*®™] if and only
if a>Cr/Cp = 25

Next, we characterize y,(nz/n). Suppose that the prize sequence is sufficiently convex so
that o > —25. Then, according to the first step above, E[s3*"] > E[s}°""] if nj, = 1. Thus,
ya(l) = l Moreover, the third step above implies that for those a values, we have E[s3fte] <
E[sbefore] 1f nr, = n— 1. Thus, 74(%=1) = 0. In the second step above, E[s3ftr] > E[shefore] jf

and only if (45), which can be rewritten as

1 a(u_é)
r< - — —r (46)
6 2
2 84 6a(l -k 2)

Notice that for ny < 4, the right hand side of (46) is above %, so the inequality holds for all r.
Thus, 74 (22) = 1 for 22 < 2. For 2L > 2 the right hand side of (46) is below 3. Moreover, it

is decreasing in “L, so its minimum is reached at "L = ”—_2 and the minimum is % - %.
Thus, for 2L > 4 we have 7, (2L) = max{3 — w O} In summary, if o > =5, we have a
weakly decreasing function
1 nr 4 nr n—1
nr ’ 1 _an(n 4 iy N Snn andfln s
v () ={ max{} - en(m - 4)0) ifd<ne <
0 if 2L = o1

We prove Proposition 6 through Lemmas 2 to 8. The case covered by each lemma is sum-
marized in Table 2. In particular, Lemma 2 prove the proposition for n; = 0, Lemma 3 proves
the proposition for n;, = n — 1, and Lemmas 4 to 8 show the proposition for ny, = 2,...,n — 2.
We use Hg?fgr(n 1) for the total expected equilibrium performance of the top n — 1 players in
a contest with ny L-cost players. After the entry of an L-cost player, there are ny + 1 L-cost
players, and we use Hg,ﬁﬁfr(nL) for the total expected equilibrium performance of the bottom

n — 1 players in the contest.

Lemma 2 Consider a contest with n H-cost players. If an L-cost player enters the contest,
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Tp%ter (0) < Hbefore(O) for all a > 0.

other other

Proof. Before the entry, n H-cost players compete in the contest. In the equilibrium, each
player’s expected winnings is V/n, and his expected payoff is 0. Therefore, an H-cost player’s
expected performance is V/(ncp) and the total expected performance of the n—1 H-cost players

: before _ n—1
is IIogoe(0) = V.

ncg

After the L-cost player enters, he competes with n—1 H-cost players. Recall that in the proof
of Proposition 2, we show that Gg(s) > Gr(s) over their common support. As a result, the
L-cost player’s expected winnings Wy, is no lower than that of an H-cost player, Wx. Because
the total winnings equals the total prize, we have W, + (n — 1)Wgy = V. Therefore, Wy, > Wg
implies Wy < V/n. An H-cost player’s expected performance is Wy /cy < V/(ncp). Hence, the
n — 1 H-cost players’ total expected performance is I (0) = (n=UWy - n1y; _ pybefore (0).

other c ncy other
|

The following lemma compares the other players’ performance before and after the entry of

an L-cost player if n;, =n — 1. It shows that qﬁa(”Ln“) = 0 or 1/2. Hence, it remains to show

Proposition 6 for ny, = 2,...,n — 2.

Lemma 3 Suppose n;, =n—1. Then, there exists & > 0 such that HZ{ZQEZ( -1) > Hg%oe:e(n—l)
if a <& and T (n — 1) < 9" (n — 1) if a > @.

other other

Proof. Proposition 4 implies that if n;, = n — 1, the H-cost player chooses non-performance
with certainty in the equilibrium. Therefore, the n — 1 L-cost players compete for v(g), ..., V),
and their payoffs are v() = 1. Therefore, the total expected performance of n —1 L-cost players
is TISSre(n — 1) = (V — (n — 1)) /et

After the entry of another L-cost player, the equilibrium payoff of an L -cost player becomes
0. Because all the prizes are won by n L-cost players, each has expected winnings V/n. There-
fore, an L-cost player’s expected performance is V/(crn), and the total performance of n—1 L-
cost players is II?Re (n—1) = (Z1V) /cr. Hence, IS (n—1)—TI2fter (n—1) = i[V/n—(n—l)].
Ifa=0thenV =14+2+..4+(n—-1) = nn=b) g0 Ibefore(yy 1) — Iqafter (i, — 1) < 0. If

n other other
o increases, V increases and 1128 (n — 1) — I8! (n — 1) increases. As a result, there exists
before afte ; A
& > 0 such that II25%(n — 1) —TI24% (n — 1) >0 if and only if « > &. m

The following two lemmas consider the case with o = 0. In particular, Lemma 4 considers

the case with n = 3, and Lemma 5 considers n > 4.

Lemma 4 Ifn =3 and o = 0, then I (1) /T1*°™(1) is decreasing in cp/cy.

other other

Proof. If n;, = 2, the H-cost player chooses non-performance with probability 1, so the two L-
cost players compete for the top two prizes. Therefore, TI2ler (1) = E[safter] = (W - u‘ifter) Jer =

other
Y3) ")
2cy,

If n = 1, we have II°5(1) = E[sy] + (n — 2)E[sy]. Notice that the expected winnings

, where the last equality is from u3fter = 1.

of an H-cost player is cgE[sg], so the total winnings of the H-cost players is (n — 1)egE[sg].
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Therefore, the total expected winnings of the L-cost player is W, =V — (n—1)cyE[sy]. Notice
that ur, = v, (1 — 1), so
Wi, —ug, vV — (n — 1>CHE[SH] — Q}(n)(l — 7")

]E[SL] = - =
L CL

Substituting E[sz] into ITP&ore(1), we obtain

other
Mo (D) _ (vz) — v()/(2cr)
befor = V(- DenElsa]—vom (1—7)
Hoshce))re(l) A C[iH] Yn) + (n — 2)E[5H]
_ (v3) — v(2))/2 (47)
V—vpy(1=r)=((n—1)—r(n—2))E[cusu]
1 2
_ (1+a)/ (48)
3+a—24+a)(1—=7r)—(2—7r)ElcysH]
Substituting « = 0 and E[cgsg] in (34) into (48), we obtain
Mo (1) 1/2 _ 1
Iibefore(1)  3—2(1—r)—1 4r
which is decreasing in . =
Lemma 5 Ifn >4 and a =0, Hgﬁiﬁ,(l)/ﬂg‘;{f&f(l) is decreasing in cr/cH.
Proof. Following the same reasoning in the beginning of Lemma 4’s proof, we have
Vin) — V(n-1) + 2U(p_)T n—2y
L (1) = Elsi] + (n — 2)Elsy) = o)==t o <=L 0
Cr, CH
and
Hoi () = Efs] + (n —2)E[sy]
V — (n—1enElsy] — vy (1 —
Vo DemBls] v )
CL
Therefore,
n—2
It () (V) = 0e-1))/2+ (Vn—2) + 2ok=i V)T (19)
Hgflﬁgie(l) V — v (I1—7r)—((n—1)—7r(n—2))ElcysH]
Substituting o = 0 and E[cgsy] in (34) into (49), we have
mfe () ()~ Ya-)/2+ Wp—z) + 3527 v
T ’02
ogor (1) V vy (1 — 1) — S n2or(n=3)
1/2 + (n ~-3+ 7("*3)2("*2)) r
- n—1)n n—1)2 n—2—r(n—
%—(n—l)(l—r)—( 21) 2n7(1 3)
1
r + n(n - 3)
ECES (50)
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where the second equality comes from « = 0. Therefore, II2{er (1) /TIP¢fore(1) is decreasing in 7.

Given that we know the comparison of TT*" (1) and I12¢(1) if @ = 0, let us consider how
the comparison changes if « increases from 0. In particular, Lemma 6 considers n = 3 and
Lemma 7 considers n > 4.

Lemma 6 Ifn =3, 1% (1)/Hbef°m(1) is decreasing in cr/cy if a > 0.

other other

Proof. According to (47), it is sufficient to show A = [(n — 1) — (n — 2)r|Elcgsy] > 0 is
decreasing in r. By the definition of A, we have
0A OE[cysp]

= —(n—2)Elcusu] + [(n —1) — (n — 2)r] o (51)
On the one hand, if « increases, the first step in the proof of Lemma 1 implies that E[cysy] =
f(;) ™ 2dFy(z) increases. On the other hand, Lemma 1 implies that % decreases if o
increases. Then, (51) implies that % decreases if o increases. Next we show % <0. fa=0,

the proofs of Lemmas 4 and 5 imply that % < 0. As « increases, % decreases as shown above.

Therefore, %—f <Oforalla>0. m

Lemma 7 Suppose n >4 and o > 0. Then, 2 g7 (1) < 0 wherever e, (1) =1
- ' SO\ g () Moo
Proof. Recall that (49) implies
-2
mfe 1) () ~Ueen)/24 (vin) + i) 7
Mo (1) >ohst V) + VT — (0 = 1) = r(n — 2))E[cusn]
SO
anaf‘ner 1 . . aHEefcge 1
9 () P Cntiee ) - T ()
befor. - . 2
Or NG (1) (Mger (1))
_9 8Hbef0re 1
(v + i ) T () — I (1) PR
- 2
(Mo (1)
after
If % = 1, we have IT2ter (1) = TIPefore(1) > 0, so the above expression has the same
after before after before
sign with anog‘ﬁf(l) — BHO%I;T @ Therefore, it is sufficient to show anog‘;r(l) — anotgff L - 0, or
equivalently
= OE[chsn]
Uiy + 3 V) — V) — (n — 2)Elegsy] + (n—1) — (n — 2)r)—5 == <0 (52)
k=1

Let L(«) be the left hand side of (52) as a function of a. According to Lemma 5, we must have
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L(0) < 0, so it remains to show that L'(a) < 0 for a > 0.

82

La) = 7P +C57=Ci 7+ o

(((n=1) = (n = 2)r)E[chsu])

where C7" = 0 if m < k.
If n =4, 5 or 6, we have C’g_?’ + C§_2 — Cg_l < 0. Moreover, according to Lemma 1, we
have 224 < 0,50 L(a) = C3 3 4 O3 2 — 05t 4+ 224 <,

If n > 7, we have

n— n— n— 82"4
L'(a) = Cj 3+03v2—02 e
>0 <0
_ _ _ 8E[CHSH] 82E[CHSH]
_ n—3 n—2 _ ~m—1__ o _ _ _ Nl
= Oy +Cf Cs (n—2) e +((n—1)—(n—2)r) 590
>0 —_— ~—_———
>0 <0
Uin) OF
= Ci 3oy ?-Ccrt —(n—-2)C T 4+ (n — 2)/ 0 gof””) dzx
<0 0 by
<0
O?’Elcysy]
0
<

< 0

where the third equality is from integration by parts, and aFaLa(x) < 0 and % < 0 are
shown in the first and third steps in the proof of Lemma 1. Therefore, L'(«) < 0 for n > 4 and

« > 0, which completes the proof. m

The lemma below shows that ¢,(nrz/n) is unique for ng = 2,...,n — 2.

Lemma 8 HZ{Ze;(nL)/HZ‘;{;;:e(nL) is decreasing in cp/cy fornp =2,...,n— 2.

Proof. For ny, = 2,...,n—2, the contest has an equilibrium of separation, which is characterized

in Proposition 3. Thus, before the entry, the total expected winnings of the L-cost players

is Wi, = ZZ:n—nL 41 Y(k), and the total expected winnings of the H-cost players is Wy =

Sor V(). After the entry, one more prize is won by the L-cost players, and the total expected
nH—l

winnings become W7 =>7¢_ wgy and Wi = Y vy

Before the entry, the total expected performance of the strongest n — 1 players is

ng—11

1
W () = (We =) +Wa ™
n

WL = vy, +1) L V) + Wy

CL CH

where the second equality is from up, = V(n41) — V(ny)7- Similarly, after the entry, the total
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expected performance of the weakest n — 1 players is

!/ Ny _ !
Hafter - WL np+1 NLV(ng) NLY(ng—1) + WH
other(nL) - +
CL CH
Thus,
ft Ir_nmp /
Mner (1) _ WLalks = niVn—ny)) + (MLV(n—n, 1) + Wg)r
before - ng—1
Hother (ne) (Wr — nLU(n—nL+1)) + (nLU(n—nL) +Wp ZH )r
3 k=n—ny Yk Sy _
—k=n—mny \®*) k=1 (k) ng 1
npTl Un—np) T\ Un—np—1) * ==t ng )7
= ¥ T (53)
Lek=n—np+1Y0F) k=1 Y(k) np—1
e Un—ny+1) T (U(nnL) + =0 ne > r
Dhen—ng V() SR - S k=n—np+1 Yk
) _ Zek=n—np “(k) /o k=1 (k) npg—1 _ Zk=n—np+1 (k)
Denote C} = | Vn-nr)s O = Vn—np—1) + =1 — Cp = o
n"H
v — .
Vin—np+1) and Oy = V() + Zk%ﬂ% Then, we can rewrite (53) as

e (ng) _ Cp+ Cpyr
Hbefore(nL) CL + CHT

other

Two ratios are important for the proof: C} /Cr, and C%;/Cyg. Using (19), we can rewrite

—ny— —1 2n—np—2)(n—ng— —ng— —ng—
C}/ 2n 721L 2 +an(n )+(2n nGL )(n—nr—=3) C71'L np—1 ac;t nr—1
C o 2n—ng—1 n(n—1)+@2n—nr—1)(n—nr—2)  ~n—-np n—nr,

n + o (n(n—1)+(2n—n3L—2)(n—nL—3) . (n —ng — 1)(n —ng — 2))

ny — 1 +a (n(n71)+(2nfn3L71)(n7nL72) _ (n _ nL)(n —ny — 1))
nr + aB;
np — 1+ abBs

where

nn—1)+ (2n —ngr —2)(n —ng — 3)

By = 3 —(n—=ny=1)(n—-ng -2
By, — n(n—1)+(2n—”3L—1)(”_nL_2)_(n_nL)(n—nL—l)

The remainder of the proof repeatedly uses the following property: With X, Xo, Y71, Y2 > 0,

we have % < % if and only if ﬁéigg is increasing in o > 0. It is straightforward to verify

that

nr, 3n—2np—4 np, B,

> =
np,—1 3n—2n; —2n;, —1 By

so (54) implies that C /C, is decreasing in «.. Thus,

Cr, >3n—2nL—4 nr,

—= 55
Cr ~3n—2np —2np—1 (55)
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Using (18), we can rewrite

!
CH ng—1 anlv(n_nL_l)

Ch szlv(k) 4+ "L

nyg anl,U(n—nL)
RO O 4 (O + ) 56)
et gy (O 4 aCp T
Dia+ Ey
Dy + Ey

_ 1, myg—2 | n—nyg myg—2 _ 1, myg—1 | n—nyg myg—1 _ 1, myg—2 | n—nyg myg—2

where Fy = 50 Ry Cy By =507 Ry Ch » D1 =350, T -1 Cy ’
-1 — -1
and Dy = 5Cy" " + 2oL O

The remainder of the proof consists of four steps. First C} /Cr, > E;/E,. Using (55), we

have )
Cp . 3n—2np—4 ng ML 2 g -2 By

> - =
Cr, " 3n—2np, —2np —1 %—1 ng — 1 Es

where the second inequality is from % > 1 and the third is from % >ng.

Second, C} /Cr, > D1/D,. Using the first step, we have

. nH—2>nH—3_D1
Cr” ng—1" ng—1 Dy

. / / Chy _ DiatE Ch - D, E;
Third, C7,/Cr, > Cy/Ch. Because 2 = FIoFpL, the value of & is between B and ZL.

Therefore, the first two steps imply that C; /Cr, > C/Ch.
Fourth, Tt (np) /TIP¢fore (1) is decreasing in 7. The third step implies

other other

CL+Clyr
Cr+Cygyr

is decreas-

inginr.
Proof of Proposition 6. Lemmas 2 to 8 imply this proposition. =

Lemmas 9 to 11 prove Proposition 7. In particular, Lemma 9 proves the proposition for

small o and Lemmas 10 and 11 prove the proposition if « is large enough.

Lemma 9 If the prize sequence is mot very convex, the entry increases the existing players’

performance if they are strong enough. That is, ¢ is increasing if o is small.

Proof. It is sufficient to prove the lemma for o = 0. First, Lemma 2 implies that ¢,(0) = 0.
Second, according to equation (50), ITafter (1)/I1before(1) = 1 implies r = n%rl Therefore,

other
$a(3) = w1

Third, consider case ny, > 2. The critical value of ¢, /cy has the following expression

(57)

p (n7L> B WiinZ«LH - Wy — NLV(n—ng) + NLY(n—ny+1)
o =
n

ng—1 /
WHﬁT =Wy = npvim—n,—1) + NLY(m—ny)

Because o = 0, we have v(;y = k—1. Therefore, W} = %(HL—H), Wi, = %nb
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Wi, = 1%_72’7“1)(71}1 —-1), Wy = L;L)TLH Substituting these expressions into (57), we obtain

ny, nr/2
%a (?) T (n—1)/2+n/2 (58)

which is increasing in ng.

The combination of ¢q(0) =0, ¢a(2) = n%rl and (58) implies that ¢, is strictly increasing.

Consider the case with large enough a. We want to show that ¢, is hump-shaped for
nr/n=0,1/n,...,(n —1)/n. Lemma 10 discusses the case with ny/n =2/n,...,(n —1)/n, and

Lemma 11 discusses the case with ny/n =0,1/n.

n—1
R

Lemma 10 If « is large enough, ¢, (%) is hump-shaped or decreasing for % < k<L

Proof. First, we study Cy — C;. Using (56), we have

n—ng

1 _ o _ _ _
Cn—Cy = FO7" 1+§O§H 1+nH_1(C{”H Ly acyn—ty

1 my—2 QO pp—2 n—ng

R cpa? g aCpa?)

(CY7 ™ +aCy™)

(67

3

1
= JC T O T

nH—l

where the second equality is from Pascal’s identity.

Second, we study C}, — Cr. Using (19), we have

n n
0 U e v
C,—Cp = anz 1 ) Lien o ® v
Cn _ Cnfanl Cn _ CTL*TLLfl _ _
_Og — C;L_nL + O‘(Cg’} — Cg_nL) + C?H + OzC;LH
nr
= Ko+ aK,
where
Cn _ CTL*TLLfl _ Cn _ CnfnL
Ko = St —op o
Cn _ Cm—nL—l _ Cn _ CTL—TLL
K, = 373 nLj—l —oppTt 28 28 nL3 +CpH
Cn _ Cn—nL—l Cm _ meng B
_ 3 3 _ 3 3 + o 1
nr+ 1 nr,

where the last equality is from Pascal’s identity.

after
Third, ¢4 is hump-shaped. To see this, using (53), we can solve for r such that ;g’%% =1.

other
The solution is
C”L - (L

"Top—cy
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According to its definition, if ¢, (nz/n) is interior, it equals to the above solution:

ch —Cy

Pa(nr/n) = Cu—0Cl

The first two steps shows that if « is large enough, % converges to

X cp-cy "Lt cpocyT"E 4ol
o o nr+1 nr 1

1, mg—2 | n—ng, Mg—2 1, mpg—2 | n—nyg mg—2

3C1 + nH—lcl 301 + ng—1 C(1

_ (ntdng —2)(ng — 1)
 2(ng —2)(3n—2ny —1) (59)

For n =4 or 5, it is straightforward to verify that the above expression is a U-shaped function

for ng =2,...,n — 2. For n > 6, the derivative of (59) w.r.t. ng is proportional to

11n —6\2 11n —6\2
10n (g — —2 —1on (=2 4 3n2 4+ 250 — 18
5n 5Y0)

11n —6\2
> —10n< i 6) 4302 + 250 — 18
5n
_ 3(n—6)(n—1)(5n—4)>0
50 -

Thus, for all n > 4, the expression in (59) is a U-shaped function or increasing function of ng
for ng = 2,...,n—2, so for a fixed n, it is a hump-shaped or decreasing function of ny, = n—ngy
for n;, = 2,...,n — 2. Recall that ¢, (%) converges to (59) if @ — oo, so in the limit, we have
¢a () is a hump-shaped or decreasing function for 2. = %, vy "772 Notice that ¢, (”771) =0

according to Lemma 3, so ¢, ("TL) is a hump-shaped or decreasing function for % <R <L ”T_l

Lemma 11 If the prize sequence is sufficiently convex, the entry of an L-cost player decreases
the existing players’ performance if they are more homogeneous. That is, ¢o is hump-shaped if

« s large enough.

Proof. If n =3 and if « is large, ¢o(0) = 0 according to Lemma 2 and ¢,(2/n) = 0 according
to Lemma 3, so ¢, is hump-shaped.

Suppose n > 4. Recall that ¢,(0) = 0 according to Lemma 2, so based on Lemma 10, it is
sufficient to show ¢ (1/n) < ¢o(2/n). We prove it in three steps.

1—1r

First, limg o0 2/0() = 7=1—. The definition of Z implies Fp (i) = Fy(&). Substituting
n—3

(31) and (32) into it, we can rewrite this equation as

—O7 4 /(CF )2 4400 (v (1) +78)
2()40;_1
—CP24/(CT2)244aCh 24
2040;_2

=1
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If o goes to infinity, the above equation implies

( lim U(An) (1—7“)—|—7“> n-s
a—+oco I

=1
n—1
Therefore,
]_ —
lim 2 /v, — T
a—+o00 % —r
Second,
%
E 2 2 1-— 2(n—3 1-— -1
lim M = 1—=—+ == r_lr —r+1 (n = 3) _1rn
a—+00 U(n) 3r 3r % r 3 (n - 1) % —rn-—
To see why, we have
E V) z .
Elensn] - _ / ——dFy(t)+ | ——dFg(t)
U(n) & Un 0 Yn)
1 B 2/v(n) N
= / rdFr (v(n)T) +/ rdFp (v )
:i‘/v(n) 0

V()

1 3 B/vm)
= 1—/ FH(v(n)x)da:—/ Fy(vpyz)de
& 0

where the second equality is from a change of variables and the last is from integration by parts

Substituting (31) and (32) into the above expression, we have

. E[CHSH]
im ————
a—+00

2 (1—r(1-
= 1— lim / \/ U(n) { x))dx —
a—+00 /v( )

(n—1)( n—2)

- 1-

i &/v(p) i
a—1>I-Poo a(n — 2 3) v
| / \/ J(1 = (1 —2))
lim
a——+oo /’U(n)

a——+00

x/v(n) TL
dr — li d
n—l(n—Z) o oz—1>g-100 \/ TL— TL— ) x
= 1- lim/
)

V1—7r(l—-z)dx— lim

\/ xdx
a—+00 n—3

1

W

l_agﬁlooﬁ (re —r+1)

lim

l 2 -3 (22 i
v ot 3(n—1) n-3) |,
2 2 5 2
— _ 3 - 7 _ 2 —
=1 agg-loo (37" 3r (T$/U(n) r+1) )

Substituting (60) into the above equation, we have

lim L[CHSH]

N

. n—1
a—to00 3 (n—1) (n=3) (x/v(n) —

njw

3
2 2 1—r > 2n-3)( 1—-7r n—1
= 1—-=—4+=|r—- 1] —
e v 3r+3r<r,%r ”*) 3<n—1>(z_;,rn—3
= B
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Third, lima— 400 Pa(2/n) > limy— 400 da(1/n). To see this, notice that

lim e () lim (V(n) = Vn-1))/2 + (Vn—2) + Sp=i V)T

a=r+oo TI0EO(1) a=to0 ST v + (V) + (n — 2)Eleasu])r — (n — 1)E[cgsy]
(Cy =3 )3+ Cy % r+r(Cy — (G371 +C372))
1

Cp — Oy L (O 4 (n—2)C8 'B)yr — (n—1)C3'B

and
Hafter
i o)
a—+00 1_Iother (2)
— im (V(n) + V1) + Vn-2))2 = 20(2) + (20(n_3) + S pzs V) )T

a=+00 () + Vno1) — 20(n_1)) + (20(n_2) + 225 SR vigy)r
(Cy Tt + 032+ Cy )2 —20073 + 27“0”_4 +r(Cp - Oyt — o -3
Cy !t —Cy 2 +2rCy 7 4+ 2=30(Cy — C5 71 = C372)

after ( )

11 2
If n =4, lim —othera /.
O Mo (2)

encouraged for all values of r. Therefore, limy— 400 ¢o(2/n) = 1/2, which is the upper bound

= 4/3, which means the others’ total performances are always

after (1) Hafter ( )

of r. Substituting r = 1/2 into limy— 400 rr[[ other> = we have limg_y 4 oo r[“# < 1. Therefore,

Trbefore (1 before
other (1) other (1)
limg—y 400 Pa(1/n) < 1/2, and limy—s 400 Pa(1/n) < lima—stoo Ga(2/n).
. _ . . _ Hafter 1
If n >4, limgy00 pa(2/n) = n;’)ﬁn?w Substituting r = n;”ﬁniow into limg_ 10 Wﬁ:f(fy
Hafter (1) L. Hafter (1)

we can verify that limg_; 4o Hg%i‘e(l) is increasing in n and lim, o0 limg—y 400 Wﬁﬁ?(l) < 1.
other other

Therefore, limy—s 100 0o (1/n) < limg—y 400 P (2/n). =
Proof of Proposition 7. Lemmas 9 to 11 imply Proposition 7. m

Example 5 Suppose n = 10 and o = 0.2. Then, ¢o(nr/n;a) is neither monotone nor hump-
shaped in nr/n. As in Figure 13, it is increasing for small values of nr/n, then decreasing for

medium values of nr,/n, and eventually increasing for high values of nr,/n.

cr/cn

T

//‘

|

discouraging S

|

--* " :

/‘/ nr |

. a (55) ;

. |

4 I

// !

)/ encouraging \

[ ] 1

4 |

) !

0 ‘ ‘ :
0 3 6 9 =L
10 10 10 0 "

Figure 13: a« = 0.2
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D Omitted Proofs in Section 6

Proof of Proposition 8. Because of Proposition 6, it is sufficient to show that the entrant
has higher expected performance than the player that she replaces. We prove in four steps:

Step 1. If n;, = 0, no ¢g, and ¢y values satisfy cr,/cg < ¢o(nr/n). Therefore, the corollary
is true.

Step 2. Suppose n = 2 and n;, = 1 before the entry. After the entry, there are two L-type

players, so the entrant’s performance is %é, which must be higher than an H-cost player’s

before the entry.

Step 3. Now consider n > 3 and ny, = 1 before the entry. If ny, = 1, the performance of an H-
RCORS(CESY

cost player is lower than %% If ny = 2, the performance of an L-cost player is 2 UL

cL
Notice that the highest performance of an H-cost player is sy = v(,_o) /ci, then an L-cost

player’s payoff at Sy is ur, = v(,—1) — CcLSH = V(n—1) — v(n,Q)%. Hence, if n;, = 2, an L-cost
) : L;(nm*v(nflfrv(nﬁ)?“ V() FV(n-1) 1 V(n—2)
player’s performance is = 5 —Vn-1)) & + . Now, the

crL CH
performance difference between the L-cost player if n; = 2 and the H-cost player if ny, =1 is

higher than

V(n +Un—1 1 V(n—2 Vi1
(M_v(n_1)> Lyt V2

2 CH n Cyg
U(n) T V(n-1) 2 VY 1
> <2 - U(n—1)> o v = o
Vi 1
= <U(n) — Vn—1) + V(n-2) — n) o (61)

where the inequality is from ¢y, < ¢ /2. For n = 3, the expression in (61) becomes

2 (v(3) — vz) — (V) —v())

>0
3 CH

For n > 4, we can rewrite the expression in (61) as

(n = D[(0mn) = vn-1)) = Wrn-1) = Vn-2))] + (1 = 3)vm_1) = >_5=] V()
ney

(n—Da+ Y1 (V1) — vr))
ncg

which is also positive.

Step 4. Suppose n > 4 and ny > 2 before the entry. If ny > 2, the performance of an

%7”;1—47;;1}(1)% If there are ny + 1 L-cost players, the performance of an

Yt Hnonp) 1 Ynong) | Ynonpot
TLL+1 Cyl, Cr, CH

H-cost player is

L-cost player is ) Therefore, the performance difference
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between the L-cost and H-cost players is

Un) * o T Vn—ny) 1 Vn-ny)  Yn-nyg-1) Yn-ny) t--FTva) 1

— - +
nr+1 cy, cr, CH n—ny CH
_ (Yt Yy LI _Yneng) Tt 1
nr +1 (n=nr) | o (n=n=1) n—nr, cH
> 0

where the last inequality comes from the increasing prize sequence. =

Next, we prove Proposition 9. In particular, Lemma 12 proves the proposition for ny > 2,

and Lemmas 13 and 14 for ny = 1. Finally, Lemma 15 proves the proposition for n; = 0.

Lemma 12 If ny > 2, we have HZ{;ET( L) > HZ‘;{OW( L)

Proof. Notice before the entry, there are ny L-cost players before the entry, and there are

nr, + 1 after it. Before the entry, the total expected performance is

Vip) + oo + Uy —npur, V —vp)— ... — Uy
H;)lelfore( L) _ (n) (T;LnL+1) + (n) p” (n—nr+1)
Substituting ur, = v(n_p, 41) = CLEH = V(n—n;+1) —CL v("g;” into the equation above, we obtain
bef Vip) T T Vn—ny+1) NI V(n—nr)
() = B (g - e )
+V = V(n) = - — Vn—np+1)
CH

After the entry, the total expected performance is

Vip) T oo T Vn_n nr+1 VU(n—np—1)
[yafter _ (n—ng) ML _ L
all ( ) cr cr Un—ng) — CL CH
+V = U(n) — - — V(n—ny)
CH
Therefore,
after before 1 1
5 (n) — Iy ™ (n) = gnL(U(nfnLJrl) - U(nfnL)) - a(”L + 1)(U(nfnL) - U(nfanl))
2
> a”L(U(nfnL+l) — V(n—np)) ~ ;(nL + 1) (Vn-ng) = Vn-n—1)

1
- E [QTLL(U(nfnLJrl) - U(nfnL)) - (nL + 1)(U(nfnL) - U(nfanl))]

> 0

where the first inequality comes from 2c¢; < cy and the second from 2n; > np + 1 and

VU(n—nr+1) = Y(n—-ny) > Yn—ng) ~ Un—ng—1)- B

In the discussion of ny, = 1, we first consider the two extreme cases with a = 0 and a — o0,

then the cases in between.

49



Lemma 13 If o =0 and ny, = 1, there is a unique 7 € (0,1/2) s.t. Haﬁer( L) > HZ?{OTe(nL) if

and only if cp/cg > T.

Proof. We prove in three steps. In the first step, we express the difference of the total
performance I128er(1) — TI>¢fre(1) in terms of cp,n and r. To do so, we first express the
difference using cyE[sy| and the prizes, then use Lemma 1 to rewrite the difference.

Before the entry of an L-cost player, there is only one L-cost player in the contest, and
the total performance is I1P¢re(1) = Wi—up 4 Vo WL, where Wy, is the expected winnings of

cL

the L-cost player and uy, is his payoff. Notice that the L-cost and H-cost players’s equilibrium

strategies have the same upper bound, the L-cost’s payoff is ur, = v(,) — CLZ(—:;. Therefore, we

; before
can rewrite II25°"(1) as

W 1 Un V_W
Hgﬁfore( ) _ L 1 <U(n) _ CL()> + L

CL CL CH CH
Wi — v, Uy +V —W,
Cr, cg

After the entry of an L-cost player, there are two L-cost players. Therefore, the supports

of the L-cost and H-cost players do not overlap. Then, the total expected performance is

Hgffer( ) = v<")+v(’c‘;1)_2% + V_Uwi;}(" U where the L-cost’s payoff is iy, = V(n—1) — CL <ZH2)
Substituting 4y, into Hafter( ), we obtain
Vin) + Vip— 2 Vip— V — vy — vin—
atter (1) = Y0 F Py 2 (U(n—l)_cL ( 2)) N (n) ~ Y(n—1) (63)
crL, CrL, cH CH
Combining (62) and (63), we have
1fer (1) — (1)
V) V-1 FVm) = WL V) + V1) — 20(n-2) + V) — Wi
- cr, CH
1
= o [ = vy 0 = Wi = 7 (0) + Vn-1) = 20(-2) + ) — WL)]
1
= (V) = Vin—1) = T(V() + V(n—1) = 20(n—2)) + (1 = ) (v(n) = WL)] (64)

where r = ¢ /cq.

Recall that there is only one L-cost player before the entry, so the total winnings of all n —1
H-cost players are V—Wp, = (n—1)Wg = (n—1)cygE[sg]. Therefore, W, =V —(n—1)cyE[sg].
Substituting the expression of Wy, into (64), we obtain

mafier(q) _ ppoeore(q) = U0 = V=) = ) T Von) = 200-2)
CL
~(V = vpy) + (n = DegE
. (V' —vm) C(” JenE[sH] (65)
L

If a=0,vq)=0,v9 =1,...,v4pm =n—1,50 V = (n—1)n/2. Substituting these prize values
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and (34) into (65), we obtain

(1) — e (1)

1—r(2-2=
- Llimsraon|-E2 oy B2 ,L =) (66)
L o

The above equation provides express IT2ter(1) — ITP8r¢(1) in terms of n, cyy and 7.

In the second step, we show that IT&fter(1) — TIPsfere(1) < 0 if » = 1/2 and TI3fter(1) —
Hgﬁfore(l) > 0 if r — 0. To see why, if we substitute 7 = 1/2 into (66), we have Hglflter(l) -
Ibglore(1) = —EL < 0. If  — 0, (64) becomes

4ncy,

alter erore 1
TIAfe (1) — TIRe(1) = o [V(n) = Vn—1) + (V) — W)] >0

where the inequality comes from v(,) — W, > 0 because the H-type player before entry cannot
win v(,) with probability 1. Hence, by the Intermediate Value Theorem, there exists 7 € (0,1/2)
s.t. TI2fter(1) = TIbglore(1).

In the third step, we show that Hglffer(l) — Hgﬁfore(l) is strictly decreasing in r. Taking

derivatives of both sides of (66) w.r.t. r, we have

o) ~wtgre)y [ eewn el (2255)
= -3 +(n—-1)+ =
or 2 2 o
_ _n=1
PRSIV ki et =)
2 Or Z—:l—r
n—1
. | a=1n - (n 1)21—7“(2—m)

where the first two terms are negative and the last is positive. We can rewrite the first and last

o1



terms as

2
_n—1 9
(n—1)2<1 n_2> 1—7r (n—1 1
34 (1— - -3
L Y. T \n2) o e
n—Q_T n—2 r
1—7r 1
= 3+ .
(=)
n—2
1—7r 1
< -3
S R
1
- 34— <-2<0
Jr2(1—7“)_

where the second inequality comes from r € (0,1/2). Therefore, %(Hgff‘“(l) — IIbgfere(1)) < 0.

Hence, combining the second and the third step, we prove the lemma. m

Lemma 14 Ifn; =1 and « is large enough, HZ{fer(nL) — HZ‘;{OTG(nL) > 0.

Proof. Recall that Wy, is the only L-cost player’s expected performance before the entry, then
equation (64) implies

T3 (1) — T (1)

1
= o [ = vy = () + 1) = 20(0-2)) + (1= 1) (0() — Wi)]
= V(e Ve T = 2ag) + (171 (v = W)
cp, \'V Vv
1 (v v Ve — T(Om-1) = 20m-2)) + (1 =) (v — Wi)
> = < @ (1) = (67)

where the inequality comes from V' > vy = 1.

If @ — oo, using its expression in (8) we can verify that G’ (s) converges to 0. Notice
that G is the H-cost players’ strategies over the common support of both cost types’ equi-
librium strategies, so the L-cost player wins v(,) with probability 1 in the limit, and therefore

limg oo 22 — 0. Then, (67) implies

lim (13" (1) — T35 (1)

a—r 00
1 v Vin_1) — "(VU(n_1) — 20(p_2y) + (1 — 7) (v — W,
> 1 (lim V) () oy iy D (V(n=1) (n—2)) + ( )(V(n) L))
cr, \a—o0 a—00 V
S lim Yy 1o >0
Cj, a—x % Cr,
where the first inequality comes from limg, o v(k)/ V =0 for k < n and lim,_ M =0.

Lemma 15 Ifn; =0, we have HZ{fer(nL) < HZ(;{ore(nL).
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W=y (1-7)
= o

Proof. Notice that IT’§r(0) = V/cy. In addition, IT3r(0) + V;ZVL. Therefore

after efore WL—Un(l—T) V-Wp |4
T3 (0) — TRF(0) = e
1 1

= W) (o o) <0

CL CH

where the inequality comes from Wy, < v(,), that is, the L-cost player does not win the highest

prize with certainty. m

Proof of Proposition 9. Lemma 12 proves the proposition for ny > 2, Lemmas 13 and 14
for n;, = 1, and Lemma 15 for n;, = 0.

Next, we first show that ¢, is nondecreasing. According to Lemmas 12 and 15, ¢,(0) = 0
and ¢q(nr/n) =1/2 for ny, > 2. Because ¢4(1/n) € [0,1/2], ¢, is nondecreasing. m
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