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Abstract

This appendix contains the omitted proof of Proposition 1 of Xiao (2017), “Bargaining

Orders in a Multi-Person Bargaining Game”.

1 The Proof of Proposition 1 for N =2

To distinguish from the lemmas in the main paper, we use claims in this appendix. The proof
of Proposition 1 relies on two types of inductions. The first induction is on N, the number of
sellers. More precisely, Claims 1 proves the case of N = 1, and Claims 2-9 prove the case of
N = 2. Then, given the proposition for N, we prove for N + 1.

For a given a number of sellers, we use a second induction on the horizon T'. For example, in
the two-seller game with an even horizon, Claim 2 proves Proposition 1 for 7' = 2, and Claims
3-5 prove the proposition for T' = 2t 4+ 2 given it holds for 7" = 2¢. In the two-seller game with
an odd horizon, Claim 7 proves for T' = 3, then Claims 8-9 prove T = 2t + 3 from T = 2t + 1.
We discuss even horizons and odd horizons separately because equilibria evolve differently as T

increases.

Claim 1 In the one-seller game with seller 1, the mall is built if and only if T > 2. If the mall
1s built,

i) the buyer’s equilibrium payoff is 7r}37T = aiT(l —v1) with aiT € (0,1)

i) ojyg=1-06,al3=1-06+ 0% and O‘%,T+2 =1-0+ 5204%’T

i) T pye = (L—v1) = 0(1 —v1) + &1 1

S| 1 : - 1 1 - ~
i) Tpr < Tprig if T is even, and mp p > T o if T is odd

Proof. The game is an alternating-offer bargaining game between the buyer and the seller. If
T =1, the buyer offers pil = vy to seller 1, and seller 1 accepts. As a result, if seller 1 chooses
to participate, his surplus is 0, so he chooses not to participate. Therefore, the mall is not built
if T'=1.
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Consider the game with 7" = 2t + 2 > 1 periods, G(1,2t 4+ 2). The buyer offers in the
first period, and the alternating offering structure implies that seller 1 offers in the last period.

Therefore, we have

p%,2t+2 = Hii+ 5Q%,2t+1 (1)
1- Qi2t+1 = 01— p%,%) (2)

where (1) means that the buyer suggests a price of pi% 49 such that the seller is indifferent
between accepting and rejecting, and (2) means that the seller suggests a price of qi% 41 such
that the buyer is indifferent between accepting and rejecting.

Recall that Hy,1 = v1(1—d), so we can express pj o, o in terms of pi », by solving for qf 5,

from (2) and substituting it into (1). In particular, we obtain

Plorpa —v1= (1= v1)(0 = 6%) + 8*(pi g — v1) (3)

If the one-seller game has only two periods, the equilibrium price is pb = v + (1 —wvp) by

backward induction. We can rearrange this to get pj 5 —v1 = §(1 — v1), then solve equation (3)

recursively to obtain py o9 —v1 = (1 —v1)(6 — 62 4+ 6% — ... — %' + 6**1). Hence,
(5+ 522&—}—2
Plotts = vI+ ﬁ(l —v1) (4)
1

where o o9 = 1 — (64 6%72) /(14 6). Therefore, the buyer’s payoff is 7w o,y = 1 = pl oy 9 =
O‘%,2t+2(1 —v1). In addition, lim;_,« 04%72,5 =4/(1-9), O‘i?t-i-? =1—-0+ (520&72“ which implies
iii), and af 5, < o o9, Which implies iv).

Similarly, the buyer offers in the final period of G (1,2t 4 1), therefore we have

P%,2t+1 = Hi +5Qi2t,
1- C_Iizt = 4(1 _piQtfl)v
and
5 — 52t+1
1
= = - 5
D1 2t+1 vy + 140 (1—w1) (5)

= v+ (1—ajg)(1—wv)

where af 5,1 =1 — (6 — 0**1) /(14 6). Therefore, the buyer’s payoff is 7p o, 1 =1 —piop g =
af op 1 (1 — v1). In addition, limy o g o,y = 6/(1 = 8), @pgy = 1 — 6 + 6% 5y, Which

implies iii), and o] o, 1 > 4 5,1, which implies iv). =

According to Claim 1, the buyer’s payoff in a one-seller game is decreasing in odd T but

increasing in even T'. Moreover, 7r]13,3 > > limy o 77}37%“ = limy_, o 77}37% > > 77}372, and
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Figure 1: Even Horizons Figure 2: Odd Horizons

Plo >Ply> o > lim oo ploy = iy oo Ploy > o > Ppge

Recall that before the bargaining game starts, every player chooses not to participate if
his/her surplus in every equilibrium is zero. Next, suppose every player chooses to participate
the bargaining game and consider the resulting subgame, which we refer to as the “two-seller

game given participation”. In the two-seller game given participation, consider four cases:

“xx”: no agreement in period 1 of G(B,2,T) and G(2,B,T — 1)

“v'x”: agreement in period 1 of G(B,2,T) but no agreement in period 1 of G(2,B,T — 1)
“xv”: no agreement in period 1 of G(B,2,T) but agreement in period 1 of G(2,B,T — 1)
“v'v7: agreement in period 1 of G(B,2,T) and G(2,B,T — 1)

“xv'” does not arise with even horizons, but the other cases

According to Claim 3, case
may arise depending on the value of vy relative to other parameters. Figure 1 illustrates the
ranges of vy corresponding to these cases.! The case in which the mall is built is highlighted
in grey. The condition for the mall to be built and other properties illustrated in Figure 1 are

established in Claim 6.

Claim 2 In the two-seller game with T = 2, the mall is not built. In the subgame given

participation, the mall is built if and only if
671-1371 — UQ 2 O (6)

where 7r]1371 is the buyer’s payoff in the one-seller game given participation. If the mall is built in

the subgame, seller 2 sells in period 1 for p%72 = v, and seller 1 sells in period 2 for pil = 1.

Proof. Suppose (6) holds, and consider period 2 first. If the buyer bargains with seller j in this
period, she suggests a price pJ{1 = v; such that the seller is indifferent between accepting and
rejecting, and the seller accepts. Similarly, in period 1 the buyer suggests p?z = v;, which seller
i accepts. Therefore, if the buyer bargains with seller 2 first, her payoff is 7r12372 = 571’1371 — p%Q =

d(1 — v1) — v, which is positive because of (6). In contrast, if the buyer bargains with seller 1

!The figure does not include T' = 2 because it mean little to discuss the cases. For example, if there is no
agreement in period 1, the mall cannot be built because there are not enough periods to persuade both sellers.



first, her payoff is 7'['%,’2 = 6(1 — v9) — vy, which is lower than 77129’2 because 6 < 1. Hence, the
buyer prefers to bargain with seller 2 first.
If (6) is violated, both 7r}2372 and 77?3”2 are negative, so the buyer does not initiate bargaining

in period 1, so the mall is not built. m

Claim 3 In the two-seller game given participation with T = 2t + 2 > 4, the first purchase

cannot be in period 2.

Proof. Suppose that there is no agreement in period 1 and that seller i sells at a price of qut 11
in period 2. In period 1, the seller would accept any price above p%Qt o =Hi1+ 5%‘2,21, 41, Where
the RHS is his payoff if he rejects pz% +9- The buyer offers p?,Qt 4o in period 1 if it gives her a

payoff no lower than waiting one period. That is,

1 2 1 2
0MB o1 — Diotro = 0[0T ot — Qo] (7)

where 7r}5,72t 41 and 7r]1372t are the buyer’s payoffs in the one-seller games with T' = 2t + 1 and
T = 2t respectively. Substituting p?72t+2 into (7), we obtain 57r}97%+1 — (Hi1 + 5q32t+1) >

5[57T115;,2t - qi2,2t+1]7 or

57TlB,2t+1 — v 2 5[577113,27& — i (8)

Recall that Claim 1 implies 71'113 2041 > 77%3 91> 50 (8) holds. Thus, there is an agreement in period

1, which contradicts with the assumption in the beginning of the proof. m

Claim 4 Suppose seller 2 sells in period 1 in the two-seller game given participation with T = 2t
fort > 1. Then, if the mall is built in the two-seller game with T = 2t 4+ 2, seller 2 also sells in
period 1.

Proof. If seller 2 sells in period 1 in the two-seller game with participation T' = 2t, as in Figure
1, we have case “v'v7 or “v x”. If the mall is built in the two-seller game with T = 2t + 2,
we prove, in three steps, that the buyer first purchases from seller 2. Step I shows a useful
preliminary result.

Step I. For T' = 2¢, seller 2’s surplus is smaller than seller 1’s, i.e.,

pop—v2 < 8(pip_q —v1) (9)

To see this, notice that if T = 2, (9) reduces to vy — vy < §(v1 — v1), which is true. Suppose (9)
holds for T' = 2t — 2. Then, under the assumption of Claim 4, there are two possibilities:
First, seller 2 sells in period 1 of G(B,2,2t) and G(2, B,2t — 1). Then,

p%,?t —Uv2 = 5(q%,2t—1 — v2) (10)

(577119,%—2 —v2) — (qg,%—l —vg) = 5[(57TIB,2t—3 —v2) — (p%,Qt—Q — v2)] (11)



Therefore,

2 1 2051 2,2
Pror — V2 = O0(0Tp oo —v2) = 0°(0Mp op_5 — v2) + 67 (P2 or—o — v2)

IN

5(577119,275—2 —v2) — 52(57019,%—3 —v2) + 53(pi,2t—3 — 1)

= *(1—v— 77%,21:—2) —dvy — 6°(1 — vy — W%,Qt—?)) + 6%y + 53(19%,215—3 — 1)

—5277},%—2 + 5377%,27:—3 + (6= 8%)(6(1 —v1) —v2) + 53(29%,%—3 — 1)
(6 —6%)(6(1 —v1) —v2) + 6% (p1 o3 — v1) (12)

where the first inequality is from (9) for T' = 2t — 2, and the last inequality is from 5%%7%73 <
77%’215_2 in Claim 1.

Second, suppose seller 2 sells in period 1 of G(B,2,2t) but not in period 1 of G(2, B,2t—1).
Then, p3o, — va = 0°(p5 o, o — v2). Additionally, (9) for T = 2t — 2 implies p3, — vy =
(52(]9%7%_2 —v9) < (53(]0%7%_3 —wv1). Notice that (6 —62)(6(1 —v1) —v2) > 0, so we also have (12).
Hence, (12) holds in both possibilities.

In the one-seller game with 7' = 2¢ — 1, seller 1’s surplus is the total surplus 1 — v; minus

the buyer’s surplus, i.e.,

piQt—l —v = (1—-v)— 77119,2t—1
= 1-v)—(Q=v1)+d1—wv1) *527r119,2t—3
= (1 —v1) = 0*(1 —v1) + 6% (pr g3 — v1)

where the second equality is from iii) in Claim 1 and the last is due to the same reason of the
first equality. Solving for 52(19%,%—3 — v1) from this equation and substituting it into (12), we

obtain

p%,Qt — vy < —v2(6 — &%) + 5(29%,275—1 — 1) < 5(19%,215—1 — 1)

which is (9) with T' = 2¢. Therefore, if (9) holds for T' = 2t — 2, it also holds for 7" = 2t. Hence,
by induction, the claim in Step I is true.

Step II. Characterize the necessary and sufficient condition for seller 1 to sell in period 1
of G(B,1,2t +2). Consider two cases: First, seller 1 sells in period 1 of G(B, 1,2t + 2) and
G(1,B,2t + 1). In period 1 of G(1,B,2t + 1), the buyer accepts any price no higher than
q3 9141 such that 57?113’7% — @l o1 = (5(577}3’%_1 — P3.9;), Where 7r}5,’72t is the buyer’s payoff in the
one-seller game with seller 1 with horizon 2¢. This equation means the buyer is indifferent
between accepting the price or wait one more period. In addition, seller 1 offers such a price if
Q%%H > H1,2+52p%72t_1, which means his payoff from the offer is no lower than that from selling
after seller 2. The two conditions above imply that seller 1 sells in period 1 of G (1, B,2t + 1)

if and only if (571'113”% — (5((577}31%_1 — p%gt) > Hio+ 52?%,2#1- Substituting 71'}13’%_1 =1- p%,2t—1



and Hyp = (1 —6)vi(1 4 0) into this inequality, we can cancel pi 5, ; and obtain
57@19/,215 — v > 8[6(1 —w1) — p%,Qt] (13)

This means that the total surplus of the buyer and seller 1 in G(1, B,2t + 1) is no lower than
the present value of their surplus in G(B, 2,2t). According to Claim 3, if seller 1 sells in period
1 of G(1,B,2t 4 1), he must sell in period 1 of G(B, 1,2t + 2). Therefore, the first case arises
if and only if (13) holds.

Second, consider the case in which seller 1 agrees in period 1 of G(B,1,2t + 2) but not
in period 1 of G(1,B,2t + 1). According to the derivation of (13), seller 1 does not sell in
period 1 of G(1,B,2t + 1) if (13) is violated. Then, in period 1 of G(B,1,2t + 2), seller 1
accepts any price higher than pi2t+2 = Hy3+ 5319%,21&—1’ and the buyer offers such a price if
OTH grs1 — Plapra = 0°(0Tp g,y — Phoy). Substituting pf o, o, Hiz = (1 —d)vi(1+ 6+ 6°) and

77113’%_1 =1- piztfl into this inequality, we obtain
577113,,2t+1 —v > 6 [6(1 —v1) — p%,Zt] (14)

This means that the total surplus of the buyer and seller 1 in G(B, 1,2t + 2) is no lower than
the present value of their surplus in G(B,2,2t). Therefore, the second case arises if and only if
(14) holds but (13) does not.

Recall that Claim 1 implies 7519/,21‘, > 7TIB/’2t. Therefore, the left hand side (LHS) of (13)
is smaller than that of (14), while the right hand side (RHS) of (13) is larger. Hence, (13)
implies (14). Then, combining the two cases above, we obtain that seller 1 sells in period 1 of
G(B, 1,2t + 2) if and only if (14) holds.

Step III. Suppose seller 1 sells first when T" = 2t 4+ 2, then the buyer is better off by
bargaining with seller 2 first instead.

If there is no agreement in the first two periods, the buyer purchases from seller 2 first
according to the assumption in Claim 4. Therefore, we only need to consider the case in which
seller 1 sells in period 1 or 2 when T' = 2t + 2. Because Claim 3 already excludes the case in
which seller 1 sells in period 2, it is sufficient to examine the case in which seller 1 sells in period
1.

By the same argument in Step II, the necessary and sufficient condition for seller 2 to sell
in period 1 of G(B, 2,2t +2) is

677}13,2t+1 — v > 5 [6(1 — 1) _p%,2t] (15)

This means that the total surplus of the buyer and seller 2 in G(B, 2,2t + 2) is no lower than
the present value of their surplus in G(B,2,2t). If seller 1 sells in period 1 of G(B, 1,2t + 2),
Step II implies that (14) holds. Recall that Claim 1 implies 7T%372t > Wg’zt 41, 50 (14) implies
(15). This means that if the buyer can purchase from seller 1 in period 1, so can she purchase

from seller 2 in period 1.



In the remainder of Step III, we show that the buyer’s payoff is higher if she purchases
from seller 2 in period 1. We first derive the buyer’s payoff if she purchases from seller 1 first,
and then show that it is lower than her payoff if she purchases from seller 2 first. Specifically,
consider one scenario in which seller 1 agrees in period 1 in G(B, 1,2t + 2) and G(1, B, 2t + 1).
Then, analogues of (10) and (11) are 5771131,21: — Qo1 = (57@297215 and pf g, 19 —v1 = 6(qF 9511 — V1)
Therefore, the buyer’s payoff is 77129’72#2 = (577113’72#1 —Ploio = (57@3’72t+1 —v1) = 6(qf9p 11 — 1)
Because the first purchase cannot in period 2 due to Claim 3, the above scenario arises if seller
1 is willing to offer q%,Zt—i—l in period 1 of G(1, B,2t + 1), i.e., q%,2t+1 —v > 52(17%,275—1 — 1),
which is equivalent to

577119/,% — V1= 577123,215 > 52(17%,215—1 —v1) (16)

because of (577113’7% — qimﬂ = 57@2972,;.

If (16) does not hold, another scenario arises, where seller 1 agrees in period 1 in G(B, 1, 2t+
2) but not in period 1 of G(1,B,2t + 1). Then, seller 1 is indifferent between accepting and
rejecting p3 o5, which implies pf 5,9 — v1 = 6°(p] o, — v1). Therefore, the buyer’s payoff is
7TQB72t+2 = 57r]13'72t+1 —Plogie = ((57@19’72”1 —v1) — 6*(p] 91 — v1). Because of Claim 3, there are
no other scenarios besides the two above. Therefore, if the buyer purchases from seller 1 first,

her payoff is

2 - (57T118/,2t+1 —vy) — 5(Q%,2t+1 —v1)  if (16) holds
bt (07K a1 — V1) = 0°(pi 9y —v1) otherwise

= min{éw}g”%ﬂ s 5((1%,215-1—1 — 1), 577119/,2t+1 — U1 — 53(Pi2t—1 —v1)}

which means the buyer’s payoff is the smaller of the two payoffs derived above. Recall that

1/ 2 _ 2
5773,% — 41 2t+1 T 57TB,2ta 50
2 — ", 1 2 2 ", 3.1
TB2t+2 — mln{5773,2t+1 s 5(57TB,2t —v1)+0 TR 2t 5773,2t+1 —v1—9 (p1,2t—1 —wv1)} (17)

Next, we derive the buyer’s payoff if she purchases from seller 2 first. By the same way to
derive (16), we obtain that seller 2 sells in period 1 of G(2, B,2t + 1) if and only if

qg,2t+1 —vy > 5(P§,2t — v2) (18)

where the RHS is seller 2’s surplus from selling after one period of delay. In contrast, the
RHS of (16) is seller 1’s surplus from selling after two period of delay. Moreover, we show in
the beginning of Step III that seller 2 sells in period 1 of G(B,2,2t + 1) whether (18) holds.
Therefore, case “v'v'” arises under (18) and case “v'x” arises otherwise. Following the same

analysis for (17), we obtain the buyer’s payoff as

- | (07h g4 — v2) — 0(@Bgpyq — v2) if (18) holds
B2t+2 — .
(577119,2t+1 —vg) — 52 (pigt —v9)  otherwise

= min{(57r119,2t+1 — vg) — 5(‘1%,2t+1 — v2), (577113,2t+1 —vg) — 52(17%,% —v2)}



Because 57@197% — q§,2t+1 = 57?1297%, we obtain
2 R 1 1 2 2 1 2,2
TB2t+2 = mln{57rB,2t+1 — V2 — 5(5773,2t —v2) +9 TB 2t 57rB,2t+1 —v2—0 (p2,2t —wv2)}  (19)

: : 2 2 2 2
Given the above expressions of g 942 and TR 9142, We prove below that TBot+2 > TB 242

. 2 . . . 2 2/ .
Notice that TE ot 18 the minimum of two terms. Therefore, to show Thot+a > TBopre it
is sufficient to verify that, whichever term in (19) 71']2372,5 1o equals to, it is larger than 77123’72,5 to

Specifically,

The second term in (19) = 50[}7%“(1 —v1) — v — 52(;0%7% — v9)
> 50&,2&1(1 —v2) — v — 52(}73,% — v2)

_ il 2/.2
= 5773,2t+1 —v;—0 (P2,2t — v2)

> The second term in (17)
2/
> TB2t42

where the first inequality is from 0&72,5 41 < 1lfort>1inii) of Claim 1, and the third inequality
from (9).

As a result it remains to show that whenever ”1253,275 4o equals the first term in (19), it exceeds
77%’7215 4o~ Suppose otherwise, then, because both 71']23?21‘/ 4o and 71123’,21‘/ 4o are continuous in v; and

v9, there must be some v; and v such that the two are equal, i.e.,
57T113,2t+1 — U2 — 5(57T118,2t —v2) + 527T12B,2t = 7T12B/,2t+2 (20)

from which we construct a contradiction below.
There are two possible scenarios. In the first scenario, (16) is voilated. Then, 7% o, 4o €quals

the second term in (17), and (20) becomes
57T}9,2t+1 —v2 — 6(57T13,2t —v2) + 5277129,% = 577119/,2t+1 — v — 63(p%,2t—1 — 1)

Equation (16) is voilated, i.e., 57@29,% > 5%119”% — v — 62 (pi%f1 — v1), which, combined with the

above equation, implies
577}3,2t+1 — U2 — 5(577}3,% —v3) < 577%3/,2#1 s 5(57@3',% — 1) (21)

Recall that 7TlB’T = a}B’T(l —wv1) and FIB/’T = a}B’T(l — v3), so the above inequality is equivalent

to
504}9,2#1 - 5204119,2t >1-9 (22)

where v; — vy multiplies to both sides so is cancelled. Recall that in (19), 7r2372t 4o €quals the



LHS of (20) if (18) holds. We can also rewrite (18) as
50‘}3,% - 5204119,%71 > (1= 6)ve/(1—v1)
which combined with (22) gives
Sap o1 — 8 a1 > 1 =8+ (1= 8)dva/(1 —v1) (23)

Recall that O‘%,T+2 =(1-9)+ (520&’T in Claim 1. Substituting this equation into (23) and
rearranging terms, we obtain 0 > 1 — 0 + v9/(1 — v1), which cannot be true because the RHS is
positive.

In the second scenario, (16) holds. Then, 7r]23’72t 4o equals the first term in (17), and (20)

becomes
1 1 2.9 < 1 1 2 9
OB ot1 — V2 — 0(0mp op — V2) + 0" 9y = 6T B 9y — V1 — 0(0TB 9y — V1) + 6T 0t

which is equivalent to (21) with equality. Therefore, we also have (22) with equality. Following
the same argument in the first scenario, we obtain 0 > 1 — § + vy/(1 — v1), which cannot be
true either because the RHS is positive.

As a result, 7T]23’ otro < 71'% 9t42> Which means the buyer prefers to bargain with seller 2 first.

For any even T' > 2, Figure 1 shows that case “xx” arises if and only if vy is above a
critical value, which is invariant with 7. The claim below shows that the critical value is
d(1—wv1)/(1496) = 57519,00' Recall that case “x x” means there is no agreement in the first two
periods with seller 2, and the claim below shows a stronger result that there is no agreement in

the first two periods with seller 1 either.

Claim 5 For any even horizon T = 2t > 4, there is no purchase in periods 1 and 2 in the

two-seller game gz’ven par 152'62'])0,152'071 if and only 1f
6 lim 7TlB 2 2 24

Proof. From ii) of Claim 1, lim; o, 7r}372t71 = (1 —wv1)/(146). The rest of the proof has four
steps. First, suppose the mall is not built in G(B,2,2), which means vy > (571}9,1. We show
below that the mall is not built in G(B, 2,2t) for t > 1 either. To see this, suppose the mall is
not built if the buyer rejects in period 1 of G(2, B,2t—1). Then, the buyer is indifferent between
accepting and rejecting q%,2t71 in period 1 if 57@197%_2 - q%,2t71 = 0. Seller 2 offers such a price
if q%,?t—l > vg. Therefore, there is no agreement in period 1 of G(2, B, 2t — 1) if 57?1137215_2 < V.
Similarly, there is no agreement in period 1 of G(B, 2, 2t) if 5”113,%—1 < vg. Recall that Claim 1
implies 71']1371 > 7T]1372t_1 > 71'}37%_2, so if vy > 5%11371, there is no agreement in periods 1 and 2 of
G(B,2,2t), and the mall is not built.



Second, suppose the mall is built in G(B,2,2), which means vy > (57r}9’1. We characterize
below the condition for no purchase in periods 1 and 2 of G(B, 2,2t). According to Claim 4, we
only need to find the condition for seller 2 not to sell in the first two periods.

Consider G(2, B,2t — 1). Suppose the mall is eventually built if the buyer rejects in period
1. Then, denote the number of periods left after the first purchase as 2t/ with 1 < ¢’ < ¢.? Claim
3 implies the first seller is seller 2. Then, the buyer in G(2, B,2t — 1) is indifferent between
accepting and rejecting ¢3, ; if 57@137%_2 -3 = 52(’54/)_1(577}37%,_1 —p%%,), and seller 2 offers
Gor 1 1f g5 —v2 > 52(“’5/)’1(1)%7%, —vg). Therefore, no agreement in period 1 of G(2, B,2t—1)
if

1 2t—t") =1 /51 2 2(t—t')—1, 2
0mpot—o — 0 (=) (57TB,2t'—1 - p2,2t’) < §2(=1) (p2,2t' — v2)

or

0 gty — v2 < 82N (Grh ) — v2) (25)

Consider G(B,2,2t). Under (25), seller 2 is indifferent between accepting and rejecting p%zt
if p%’% —V9 > §2(t=t") (p%’%, —wv3), and the buyer offers p%% if 577}3’215_1 —p%,% > §2(t=t) (57@13’%,_1 —

p%,Qt')' Therefore, no agreement in period 1 of G(B, 2, 2t) if
5”113,%—1 — V2 — 52(t_t,)(pg,2t' —wg) < 52(t_t/)(577%3,2t'71 - pg,%/)

or

577113,21:—1 — v < 52(t_tl)(57ﬁl_f;,2t'—1 — v2) (26)

which means the total surplus of seller 2 and the buyer is less than the present value of their
total surplus if the first agreement is delayed until 2¢' periods are left. Hence, no agreement in
period 1 and 2 of G(B, 2,2t) if (25) and (26) hold.

Third, we verify that (26) implies (25). To see this, rewrite (25) as

5(57}3,%4 —vg) < 52(2&7#)(577113,%/—1 — vg) (27)

Notice that the RHS is the same as that in (26), so it is sufficient to show that the LHS of (26)
is larger than that of (27), i.e., 675197%_1 — vy > (5((577}3’%_2 — v2). Recall that Claim 1 implies
Thot—1 > TBor—a> S0 OTp gy — V2 > 0Tp 5o — v2 > 0(67p 5y o — v2).

Fourth, we prove Claim 5. Notice that the two steps above imply no agreement in the first
two periods of G(B,2,2t) if and only if (26) holds. Rewrite (26) as

1 (=t 5.1
5773,2t—1 §2( 57TB,2t’71

1 _ 62(t_tl) U2 (28)

Next, we show that (28) is equivalent to (24). Recall that in iii) of Claim 1, we have 7T%372t71 =
(1 —v1)(1 — &) + 6°mh 9,5, repetition of which implies 755, ; = (1 —v1)(1 =+ 0% — ... —

§2=t)=1y 4 2=l op_1- Substituting the above expression into (28), we can rewrite (28)

2Tt turns out that ¢’ = 1. See Figure 1.
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as (24). Notice that (24) implies 0 lim; o0 77113”21,/_1 < vy, so there is no agreement in period 1
of G(B,1,2t) and G(1, B,2t — 1). Hence, whichever seller the buyer bargains with, there is no

agreement in the first two periods. ®m

Note that condition (24) does not depend on 7', and inequality (26) gives an intuition: On
the one hand, if the buyer and seller 2 have an agreement in the first two periods, a longer
horizon increases the horizon of the one-seller game after the agreement. According to Claim
1, this decreases 77}37215_1, and reduces the buyer and seller 2’s total surplus from the mall.
Therefore, the agreement between them is less “attractive”. On the other hand, if the buyer
and seller 2 have no agreement in the first two periods, a longer horizon increases the delay
before the next agreement. Therefore, the agreement between the buyer and seller 2 becomes
more “attractive”. These two effects cancel each other, so (24) is independent of the horizon.

Next, we use the above claims to prove the proposition below, which is Proposition 1 in the

main paper.

Proposition 1 For any N > 2 and any T > 2, the N-seller game with horizon T has a unique
equilibrium outcome. Moreover, if the mall is built in the outcome, in the first N periods the

buyer purchases from the N sellers in the order of increasing size.

Proof of Proposition 1 for N =2 and T = 2t¢.

Consider the two-seller game with sellers 1 and 2. We start with 7' = 2, then Claim 2 implies
Proposition 1 for 7' = 2. In addition, Claim 2 implies that if T = 2, the mall is built in the
subgame given participation if and only if (6) holds. First, consider the case in which the mall
is not built in the subgame given participation when 7" = 2. This case arises if (6) is violated.
Claim 5 implies that in the subgame given participation with T' = 4, the mall is not built if and
only if (24) holds. We can verify that (24) holds if (6) is violated. Therefore, the mall is not
built for T"= 4, so Proposition 1 holds for T" = 4.

Second, consider the other case in which the mall is built in the subgame given participation
when T' = 2. Then, Claim 2 implies that seller 2 sells first in the subgame. Claim 4 implies
that if the mall is built when T = 4, the buyer also purchases from seller 2 in period 1. Hence,
the two-seller game has a unique equilibrium outcome, and Proposition 1 holds for T = 4.

So far, we use Proposition 1 for T' = 2 to prove it for T' = 4. Next, suppose the proposition
is true for T = 2t > 4, and we prove the proposition for T" = 2t + 2. Suppose T = 2t + 2
and (24) holds, then Claim 5 implies that there is no purchase in the first two periods, and
in resulting subgame of 2t periods, Proposition 1 holds by assumption. Thus, the proposition
holds for T' = 2t + 2.

Consider T' = 2t + 2 and suppose (24) does not hold. Then, in the game with horizon 2¢
given participation, Claim 5 implies that there is a purchase in the first two periods. Moreover,
Claim 3 implies that the purchase is in period 1, and Step III for Claim 4 implies that the first
seller is seller 2. Therefore, seller 2 sells in period 1 in the game given participation when the

horizon is 2t. Then, Claim 4 implies that if the mall is built with horizon 2t + 2, seller 2 also
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sells in period 1. Hence, Proposition 1 holds for T" = 2¢ + 2 in this case as well. Therefore,

Proposition 1 holds in the two-seller game with any even horizon. m

In the above proof, we prove Proposition 1 for N = 2 and T = 2t without specifying the
condition for the mall is built. To complete the analysis for even horizons, the following result
characterizes the evolution of the three cases and the condition for the mall to be built. These

properties are used to prove Proposition 1 for N > 3.

Claim 6 In the two-seller game given participation with horizon T = 2t + 2 > 4,

i) case V'V 7 arises if
Omp g — V2 > 6(0Tp 3 — v2) (29)

i1) case “v'x” arises if neither (24) nor (29) holds

ii1) case “xx7” arises if (24) holds

w) YV for T — 2 implies V'V 7 for T

v) the mall is built if and only if (29) holds with a strict inequality

Proof. First, we discuss the evolution of the three possible cases for even horizons. According
to Claim 5, case “xx” arises for T' = 2¢ > 4 if (24) holds. Suppose (24) does not hold, then
case “vv7 or “v'x” arises. According to the proof of Claim 4, case “v'v'” arises for T = 4 if
and only if (18) holds for ¢ = 1. Using 5771137275 - q%72t+1 = 57@237% and 57@197275_1 —p%’% = 7T2B72t, we
can rewrite (18) as (29), where mp; = 1 —v1. It is equivalent to d7p, — 6*mp > (1 — 6)vs.
According to Claim 1, 77}372 < 7T]1371, S0 577}372 - 52751371 < 57@1372 - 527711372. Therefore, if (29) holds
for T =2, (24) does not hold. As a result, case “v'v” arises for T' = 4 if (29) holds. If neither
(24) nor (29) holds, then case “v'x” arises. Similarly,

i) case “v'v” arises for T' = 2t 4 2 if (29) holds;

ii) case “v'x” arises if neither (24) nor (29) holds, and

iii) case “xx” arises if (24) holds.

Note that (29) implies that the critical value of ve dividing the cases “v'x” and “v'v”
is ((577}3’% — 6277113’%_1)/(1 — §). According to Claim 1, 77}3’2 < Tr}B’4 < o< limyyee W};’Qt =
lim; e 7711372,5_1 <. < 7711373 < 7T]1371. Therefore, the critical value increases in t. As a result, iv)
case “v'v7 for T = 2t implies case “v'v"7 for T = 2t + 2.

Second, we derive the condition for the mall to be built. For T = 2, Claim 2 implies that
the mall is not built. For T' = 2t +2 > 4, the mall is not built in case “xx”. To see this, notice
that the case arises if (24) holds, then Claim 5 implies that there is no agreement until there
are two periods left. If the mall is built in the subgame with two periods, both sellers receive
a zero surplus according to Claim 2. If the mall is not built in the subgame with two periods,
every player receives a zero surplus. Therefore, if (24) holds, the sellers receive a zero surplus if
they participate. Hence, the mall is not built.

For T'= 2t +2 > 4, the mall is not built in case “v"x”. The property iv) above implies that
if “v'x” arises for T' = 2t + 2, it arises for T' = 4,6, ..., 2t. Recall that the buyer offers a price
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such that seller 2 is indifferent between accepting and rejecting, which in case “v'x” means that
seller 2’s surplus is the same for T'= 2t + 2 and T' = 2¢. Repeating this analysis, we obtain that
seller 2’s surplus is the same as T' = 2, which is zero. Hence, if seller 2 participates, his surplus
is zero, so the mall is not built if case “v'x” for T = 2t + 2.

For T = 2t + 2 > 4, the mall is built in case “v'v” if (29) holds with a strict inequality. It
is sufficient to verify that every player receives a positive surplus. In the proof of Claim 4, if
(29) holds with equality, seller 2 is indifferent between offering q%% 41 and waiting one period in
G(2,B,2t+1). If (29) holds with a strict inequality, seller 2 strictly prefers offering q%,?t 41 than
waiting one period. Because seller 2’s surplus is nonnegative by waiting one period, her surplus
must be positive in G(2, B, 2t + 1). In addition, seller 2’s surplus in G(B, 2,2t + 2) cannot be
lower than that in its subgame G(2, B, 2t+1), so seller 2’s surplus is positive if (29) holds with a
strict inequality. The buyer’s surplus in G(2, B, 2t + 1) is nonnegative, and Claim 3 shows that
her payoff is even higher in G(B, 2,2t + 2). As a result, the buyer also has a positive surplus.
Finally, Claim 1 implies that aiT € (0,1), so seller 1’s surplus is 7] g, 1 = (1 — v1)af 5 > 0.

Hence, we verify that every player’s surplus is positive, so the mall is built. m

As a result of the above claim, the mall is built only in case “v'v”, which is highlighted
in grey in Figure 1. So far we have discussed the two-seller game with an even horizon. Next,
we consider odd horizons. Claim 7 proves for 7' = 3 and demonstrates three cases: “v'v'”,
“xv7, “xx”. Figure 2 illustrates these cases. In contrast to Figure 2, case “v'x” does not
arise with odd horizons. Next, suppose Proposition 1 is true for horizon T' = 2t — 1 and consider
T = 2t 4+ 1. As in the figure, if we have “v'v"” when T = 2t — 1, the mall is built. According
to Claim 8, we also have “v'v"” when T' = 2t 4+ 1, and seller 2 sells first. If we have “xv” or
“xx” when T' = 2t — 1, the mall is not built. However, the mall may be built when T' = 2t + 1,

and if it is, Claims 8 shows seller 2 sells first.

Claim 7 In the two-seller game with T = 3, the mall is built if and only if
57r}9’T71 — vy > (5((571'13”]172 - UQ) (30)

If the mall is built, the buyer purchases from seller 2 in period 1.

Proof. First, case “v'v'” arises if
5”113,”[—1 —vy 2 5(57T113,T—2 — vg) (31)

which is (30) with a weak inequality. In the final period, if neither seller has agreed, the mall
is not built. Suppose that only seller 1 has not sold by the final period. If the buyer offers in
the last period, she would suggest pil = v1 to seller 1. If seller 1 offers in the final period, he
would suggest q%’l = 1. In either case, the offering player extracts all the surpluses.

Let us move backwards to the second period. Suppose that neither seller has agreed in this

period. Then, in G(2, B,2), the buyer is indifferent between accepting and rejecting if seller 2
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offers qg,Q such that (57@19’1 - q§72 =0, so q§,2 = 571}9,1. The seller 2 offers such a price if q%}Z > V2.
Therefore, there is agreement in period 1 of G(2, B, 2) if and only if 57@1371 > vo. We claim that
(31) implies (577}3’1 > w9, so seller 2 sells in period 1 of G(2, B,2). To see this, rewrite (31) as
6(7@1372 - 57711371)/(1 — ) > vg. Combine this inequality with 7r}3,2 < 7T}3’1 from Claim 1, we obtain
(571'1371 = (5(7?,1371 - 57r]1371)/(1 —9) > (5(7?,1372 - 57r]1371)/(1 —d) > ve, so (31) implies 57?,1971 > vg.

Consider the first period. If the buyer bargains with seller 2 in period 1, the seller is
indifferent between accepting and rejecting if the buyer suggests p§73 = Hy1+ 5q§12. Recall that
Hay = (1= 6)vg and ¢35 = 67y, 50 py 3 = (1 — §)va + 6*mp ;. Moreover, the buyer offers p3 5
if her payoff is no lower than 0, which is her payoff in G(2, B, 2). Notice 7r12373 = 577113’2 — pg’g =
(571'1372 —vg—90 ((57?11371 —wg) > 0, where the inequality is from (31). Therefore, if the buyer bargains
with seller 2 first, case “v'v'” arises, and the seller sells in period 1 and the mall is built.

Second, we show that if (30) holds, the mall is built and the buyer purchases from seller 2
in period 1. We show above that if the buyer bargains with seller 2 in period 1, the mall is
built. Recall that the resulting payoff for the buyer 7%73 > 0 if (31) holds. Thus, if (30) holds,
7r]2373 > 0, so the buyer chooses to participate.

Next, we show that once the buyer participates, she does not purchase from seller 1 first.
Suppose the buyer purchases from seller 1 first. Then, her payoff is either 0 if seller 1 sells in
period 2, or 7rj29’,3 = 57@19”2 — pig) if seller 1 sells in period 1. We verify below that the buyer’s
payoff in either case is lower than 7r12973. Specifically, recall that 7r12973 > 0 under (30), so it
remains to show 7r]2373 > 5%123’73. Recall that W%73 = 7T113’72 —vg— 0 (57@19’1 — v9), similarly, we have
77?3”3 = 577}5’?2 — 01— 5((577}3’71 —wv1). Therefore, 7%73 > 577%’73 is equivalent to 57@15?2 — U9 — 5(577}3’1 -

vg) > 571']13’72 — v — 5(577%3’71 — 1), Or
(TFJIB,Q - 57@13,1)5/(1 +6) —vg > (7T119/,2 - 577%3/,1)5/(1 +9) — v

Recall that Claim 1 implies 7, = af,(1 —wv1) and 7p; = aj,(1 — v1). Therefore, we can
rewrite LHS of the above inequality as (1 — vl)(a}’2 - 50&’1)5/(1 + §) — v2. Similarly, the RHS
of the inequality can be rewritten as (1 — UQ)(OéiQ - 50&71)5/(1 + ) —v1. According to Claim 1,
ajy <land ag; > 0,50 (afy — g 1)0/(1+6) <1,s0 (1 —wvi)(ajy—dag;)d/(1+40)— vy >
(1 —wv2)(afy —6aj;)6/(1+6) — v1, which is equivalent to 7T]2373 > 5#123’73.

Third, if 57@1371 > w9 holds but (31) does not, case “xv” arises, and the mall is not built.
Suppose the buyer bargains with seller 2 first. If 577}9’1 > vy holds but (31) does not, the above
analysis implies that there is no agreement in period 1 of G(B,2,3), but seller 2 sells in period
1 of G(2, B,2). Hence, case “xv'” arises.

Next, we show that in this case, the mall is not built. In subgame G(2, B, 2), seller 2 offers
such that the buyer’s payoff is zero. Therefore, in the subgame after the buyer chooses seller 2
to bargain with first, the buyer’s payoff is zero. Suppose the buyer bargains with seller 1 first.
As above, seller 1 sells in period 1 of G(1, B, 2) if and only if 57T]13/’1 > v1. Moreover, seller 1 sells
in period 1 of G(B,1,3) if and only if 577}3’?7“71 —v > 6(577}3’77“72 —v1) or 7r]23'73 > 0. We show

above that (31) implies 075, > ve. By the same argument, é7l - |, —v1 > 6(67h 1 o — V1)
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implies (577}3’71 > v1. As a result, 77123”3 > 0 implies 571}3’,1 > v1. Hence, seller 1 sells in period 1
if and only if 7%’73 > 0. Notice that if (31) does not hold, neither does (30). Recall that the
inverse of (30) is equivalent to 77?373 < 0 and that 71125,,3 > 77%3”3, S0 71123’,3 < 0. This means seller 1
does not sell in period 1 under (30). Therefore, in subgame G(B, 2, 3), either the seller 1 sells
in period 2 or the mall is not built. In either case, the buyer’s payoff is zero so she does not
participate the bargaining game. Hence, the mall is not built if the buyer bargains with seller
1 first.

Fourth, case “x x” arises if neither 577}3’1 > w9 nor (31) holds. If the buyer bargains with
seller 2 first, the above analysis implies there is no agreement in periods 1 and 2, with only
one period left, the mall cannot be built. Suppose the buyer bargains with seller 1 first. If
(577}371 > vo does not hold, neither does (577}3”1 > v1. In addition, recall that if (31) does not hold,
77%’73 > (0 does not hold. Hence, seller 1 does not sell in periods 1 and 2, so the mall is not built

either. m

Consider sellers such that case “xv™” or “xx” arises for T' = 2t — 1, the result below studies

what happens for the same sellers if 7' = 2t + 1.3

Claim 8 Suppose (30) does not hold for T = 2t — 1. Then, in the game with T = 2t + 1, if
(30) holds for T = 2t + 1, seller 2 sells in period 1 and the mall is built. Otherwise, the mall is

not built because it would result in a zero payoff for the buyer.

Proof. We prove by induction. Consider ¢ = 2 and suppose (30) does not hold for T'= 2t — 1.
Then, Claim 7 implies that the mall is not built, and it can be case “xv”, “xx”, or the
boundary of case “v'v"” when (30) is violated with an equality. In each of these cases, the
buyer’s payoff is zero. Notice that if no agreements in periods 1 and 2 in the two-seller game
with T' = 3, the mall is not built and the buyer’s payoff is also zero. Because of this similarity,
the rest of the proof is similar to that of Claim 7.

First, case “v'v'” arises if (31) holds for 7" = 2t + 1 = 5. Suppose the buyer bargains with
seller 2 first. Then, in period 1 of G(2, B, 2t), seller 2 offers q%’gt such that the buyer is indifferent

between accepting and rejecting. That is,

57TIB,2t—1 - qg,Qt =0. (32)

Seller 2 offers ¢3 o, if ¢34, > va. Solving g3, from (32) and substituting it into the inequality
above, we get 57r]1372t71 > vy. In the proof of Claim 7, we show (31) implies 67@1371 > vy. By
the same argument, (31) also implies (577113’%_1 > v9. As a result, seller 2 sells in period 1 of
G(2, B, 2t) if (31) holds.

In period 1 of G(B,2,2t+1), seller 2 accepts any price no lower than p§72t+1 =Hy1+ 5q§72t,

and the buyer offers p%zt 4 if

57T13,2t _p§,2t+1 >0 [57&3,%71 - qg,2t] . (33)

3Claim 8 also discusses the case in which (31) holds with an equality. This is a special case of “v'v”.
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Substituting p%,2t 41 into the inequality above, we get (31). Therefore, under (31), seller 2 sells
in period 1 of G(B,2,2t + 1) and G(2, B, 2t), which means “v'v'” arises.

Second, we show that if (30) holds for 7" = 2t + 1, the mall is built and the buyer purchases
from seller 2 in period 1. In contrast, suppose the buyer purchases from seller 1 first. Then, her
payoff is either 0 if seller 1 sells in period 2, or 7rj23”2t+1 = 57@19’7% _p%,2t+1 if seller 1 sells in period
1. In the proof of Claim 7, we verify 71129,3 > 77123”3. Similarly, we can verify 771237% 11> 71129’,% +1.4
Therefore, the buyer prefers to bargain with seller 2 first.

Third, case “xv’” arises if 57@37%71 > w9 holds but (31) does not. By the same argument
in the third step in the proof of Claim 7, we can show that the buyer receives a zero payoff
whichever seller she bargains with first. Hence, she does not participate the bargaining game
and the mall is not built.

Fourth, case “xx” arises if neither 5”115,215—1 > v nor (31) holds. By the same argument
in the fourth step in the proof of Claim 7, the mall cannot be built whichever seller the buyer
bargains with first. Hence, the mall is not built either.

So far, we prove the claim for ¢ = 2. Suppose Claim 8 is true for any ¢’ > 2, it remains to
show the claim for t = ¢’ +1. Consider ¢ = ¢’ +1 and suppose (30) does not hold for T = 2t +1,
then Claim 8 for ¢+ = ¢ implies that the mall is not built because it would result in a zero
payoff for the buyer. Then, repeating the analysis above, we can prove that in the game with
T = 2t' + 3, if (30) holds for T' = 2t' + 3, seller 2 sells in period 1 and the mall is built. If (30)
does not hold for T' = 2t' + 3, the mall is not built because it would result in a zero payoff for

the buyer. Thus, Claim 8 holds for t =t + 1 as well. =
The result below shows that “v'v” for T = 2t — 1 implies “v'v"” for T'= 2t + 1.

Claim 9 If seller 2 sells in period 1 of G(2,B,T —1) and G(B,2,T) with T =2t —1 > 3, then
i) seller 2 sells in period 1 of G(2,B,T + 1) and G(B,2,T + 2)
i1) the mall is built for horizon T = 2t + 1

i11) the buyer bargains with seller 2 first in the two-seller game
iv) (30) holds for T =2t +1

Proof. We first derive several properties in Steps I-III, then use them to prove the claim in
Step IV.

Step I. For any odd T > 3, if seller 2 in period 1 of G(2,B,2t — 2) and G(B,2,2t — 1),
we derive the condition under which seller 2 sells in period 1 of G(2, B, 2t) and G(B, 2,2t + 1).
The analysis is similar to that deriving (13). Specifically, in period 1 of G(2, B, 2t), the buyer
is indifferent between accepting and rejecting g3 o, if (57@37%_1 — G =0 ((57@37%_2 — P39 1) In
addition, seller 2 offers such a price if q%’% —vg9 >0 (p%%_l —v9), which means his surplus from the
offer is no lower than that from waiting one period. The two conditions above imply that seller 2

sells in period 1 of G(2, B, 2t) if and only if 67 o, 1 —6(07 95— D30¢ 1) —V2 = 6(D3 .91 —v2),

4Claim 1 is used to show 77,23,3 > 7['23/,3 in Claim 7, so it is also needed to show ﬂ%m“ > 7T2B'72t+1‘
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or equivalently

5”11372;:—1 —v2 2> 5(57T113,2t—2 — 2) (34)

This means that the total surplus of the buyer and seller 2 in G(2, B, 2t) is no lower than the
present value of their surplus in G(B, 2,2t — 1).

In period 1 of G(B, 2,2t + 1), seller 2 is indifferent between accepting and rejecting p%zt 11
if it satisfies p3 o, — v2 = 0(q39 — v2). The buyer offers such a price if (57@19’% — Photi1 >

5(57@13,215_1 - q]23,2t). These two conditions imply that seller 2 sells in period 1 of G(2, B, 2t + 1)

if and only if 71115,,21e — vy — 6(q5 9y — V2) > (5(57@137%71 - q%’%), or equivalently
57019,% — vy > 8(0mp g1 — v2) (35)

This means that the total surplus of the buyer and seller 2 in G(B, 2,2t + 1) is no lower than
the present value of their surplus in G(2, B, 2t).

Next, we verify that (35) implies (34). Rewrite (35) as (57@137% - 52771137%_1)/(1 —9) > vy
and (34) as ((57‘(137%71 - (527@137%72)/(1 — 0) > vy. Therefore, it is sufficient to show 7r}372t71 -
(577}37%_2 > W}mt — 577113’%_1. According to Claim 1, 77}37%_1 > 77}37% and 7r]13’2t_2 < 77119?%_1, SO
77}37%_1 — 5771137%_2 > 71']1372,5 — 6%}37215_1. Therefore, seller 2 sells in period 1 of G(2, B, 2t) and
G(B,2,2t + 1) if (35) holds.

Step II. For any odd T' > 3, if seller 2 sells in period 1 of G(2,B,T — 1) and G(B,2,T),
and if the buyer bargains with seller 2 first when the horizon is T 4 2, seller 2 sells in period 1
of G(2,B,T+1) and G(B,2,T +2). In Figure 2, this property means that “v'v"” for T implies
“w v for T + 2.

We first prove the property for T' = 3. According to Claim 7, if seller 2 sells in period 1 of

G(2,B,2) and G(B,2,3), (31) holds for T' = 3, which is equivalent to
5mhy — 6°mpy > (1= 6)vs (36)

Step I implies that seller 2 sells in period 1 of G(2, B,4) and G(B,2,5) if (35) holds for ¢ = 2,

Le., 57@374 — U9 > 6((577%373 — vg), Or
0mpy — 0°Tp3 > (1= 6)vs (37)

According to Claim 1, 57@1974 > 57r]15,72 and 57@1373 < 577}371, so (36) implies (37) with a strict
inequality. This means the statement in Step II is true for 7' = 3.

Next we prove the property for 7' = 5. We first show that if seller 2 sells in period 1 of
G(2,B,4) and G(B,2,5), then (37) holds. The above analysis already proves the statement if
seller 2 sells in period 1 of G(2, B,2) and G(B, 2,3). Now we prove it if seller 2 does not sell in
period 1 of G(2,B,2) or G(B,2,3). Then, Claim 7 implies the mall is not built if 7= 3. In
addition, Claim 8 implies that seller 2 sells in period 1 of G(2, B,4) and G(B,2,5) if (31) holds

for T' =5, i.e., 577}974 — vy > 6(577}9’3 — v2), which is also (37). Therefore, whether seller 2 sells
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in period 1 of G(2, B,2) and G(B, 2, 3), if seller 2 sells in period 1 of G(2, B,4) and G(B,2,5),
(37) holds.
Similar to (37), Step I implies that seller 2 sells in period 1 of G(2, B,6) and G(B,2,7) if

0mpg— 0°Tps > (1= 6)vs (38)

As shown above, if seller 2 sells in period 1 of G(2, B,4) and G(B, 2,5), we have (37). According
to Claim 1, 7r}376 > WEA and 7%75 < 7r}9,3, so (37) implies (38) with a strict inequality. This
means the property in Step II is true for 7' = 5.

More generally, if seller 2 sells in period 1 of G(2, B, T —1) and G(B,2,T) for an odd T > 3,
then 57r}37T_1 — 5271}9,T_2 > (1 — 0)vg, which implies a strict inequality 577}37T+1 - 5271}5,3 >
(1—=6)va. Then, Step I implies that seller 2 sells in period 1 of G(2, B,T+1) and G(B, 2,T+2).
Therefore, the property is true for any odd T > 3.

Step III. If seller 2 sells in period 1 of G(2, B, 2t —2) and G(B, 2,2t — 1), the buyer prefers
to bargain with seller 2 first if T' = 2¢ + 1. To prove this, we first derive the buyer’s payoff if
she purchases from seller 2 first, and then show that it exceeds her payoff if she purchases from
seller 1 first.

First, if the buyer purchases from seller 2 first when T' = 2t + 1, her payoff is

W%,Qt—&—l = (577113,% —vg) — 5(57&3,27&—1 —vg) + 52”123,%—1 (39)

Notice that if seller 2 sells in period 1 of G(2, B, 2t —2) and G(B, 2,2t — 1), according to Step II,
seller 2 sells in period 1 in G(2, B, 2t) and G(B, 2,2t+1). Then, in G(2, B, 2t), seller 2 offers price
q%m such that the buyer is indifferent between accepting and rejecting, i.e., 5%119’%_1 - q%zt =
577?37%_1. In G(B,2,2t+1), the buyer offers price p%,2t+1 such that seller 2 is indifferent between
accepting and rejecting, i.e., p%,2t 41— V2 =190 (q%zt — v2). Because both offers are accepted, we
can substitute p3 5,1 and g3, into 771257275“ = 577113th — D3 9041 and obtain (39).

Second, if the buyer purchases from seller 1 first, and if seller 1 sells in period 1 of G(1, B, 2t)
and G(B, 1,2t + 1), then the buyer’s payoff is lower than that in (39). To see why, notice that
in G(1, B, 2t), seller 1 offers a price q%’% such that the buyer is indifferent between accepting
and rejecting, i.e., (57r]13”2t71 — q%gt = (57@2372#1. In G(B, 1,2t +1), the buyer offers a price p%,2t+1
such that seller 1 is indifferent between accepting and rejecting, i.e., p3 o, — v1 = 0(qF o, — v1).

Substituting p%,Qt—f—l and qi% into 7% 941 = oy, — pi2t+1, we obtain
2 1 1 22
Thor1 = (0Tgo; — 1) —6(0mp 0 1 — 1) + 0" Th oy 4 (40)
Comparing (39) and (40), in order to show 7% 5,1 < 7% 5, , we only need to verify

(57018/,% — 1) — 5(57T1B,,2t—1 — 1) < (577}3,21& —v2) — 5(57T119,2t—1 — v2) (41)
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According to Claim 1, the LHS of this inequality can be rewritten as
LHS of (41) = 604%72,5(1 — V) — v — 5(50&7%,1(1 —vg) — V1)

Moreover, o o < ai%_l < 1 according to Claim 1, so the coefficient of vy in the LHS has a
smaller absolute value than that of v;. As a result, the value is smaller if we switch v; and vg
in LHS of (41). If we switch v; and v, the LHS of (41) becomes its RHS, so (41) is true.

Third, if the buyer purchases from seller 1 first, and if seller 1 sells in period 1 of G(1, B, 2t)
but not in period 1 of G(B, 1,2t + 1), then the buyer’s payoff is lower than that in (39). To see
why, notice that in G(1, B, 2t), seller 1 offers such that the buyer is indifferent between accepting
and rejecting, which means the buyer’s payoff is 6#1237%_1. Therefore, the buyer’s payoff in
G(B,1,2t+1) is 5271'1237%_1. Notice that 52771237215_1 is the third term in (39), so in order to show
527@237%71 < 7r2372t+1, it is sufficient to verify the sum of the first two terms in (39) is positive, i.e.,
(5#}37215—02)—5(577}97%_1 —vg) > 0. This inequality is equivalent to 677}3’%—(5277}9’%_1 > (1-9)ve.
If seller 2 sells in period 1 of G(1, B,2t — 2) and G(B, 1,2t — 1), which is the qualifier in the
statement of Step III, we show in Step II above that (577}3’% — 52”113,%71 > (1 — §)vy. Therefore,
the buyer’s payoff 5275257%_1 is lower than that in (39).

Fourth, if the buyer purchases from seller 1 first, and if seller 1 does not sell in period 1 of
G(1, B, 2t) but sells in period 1 of G(B, 1,2t + 1), the buyer’s payoff is lower than that in (39).
In G(1, B, 2t), the buyer is indifferent between accepting and rejecting q%Qt if

1 2 2
57TB/,2t—1 — 12t = 5773,2t—1 (42)

Notice that there is no agreement in period 1 of G(1,B,2t), so seller 1 does not offer such a
price, which implies f 5, — v1 < 6%(pf g5 — v1). Solving ¢f o, from (42) and substituting into

the above inequality, we can rewrite the inequality as
0T B -1 — V1 — 577123,2:5—1 < 0% (pl g2 — 1) (43)

In G(B,1,2t + 1), the buyer offers pi,,,; such that seller 1 is indifferent between accepting
and rejecting, i.e., p%,Qt—&—l —v = 53(17%,21:—2 — v1). Solving pi2t+1 from the this equation and
substituting it into the buyer’s payoff in G(B, 1,2t + 1), we obtain

2/ _ 1/ 2
TB2t+1 — 57TB,2t—p1,2t+1

(577119/,% —v1) — 53(?%,275—2 — 1)

(577%9/,% —v1) — 5(5@13,,21&—1 —v1) + 5277123,2t—1

AN

(577113,% —v2) — 6(57T1B,2t—1 —v2) + 5277129,%—1

2
TB.2t+1

where the first inequality is from (43), the second from (41) and the last equality from (39).

So far we discuss all the cases in which the buyer purchases from seller 1 first, and show
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that the buyer’s payoff in each case is lower than that in (39). Hence, the statement in Step III
is true.

Step IV. We prove Claim 9 by induction. If seller 2 sells in period 1 of G(2, B, 2t — 2) and
G(B,2,2t —1) with 2¢t — 1 > 3, Step II implies that if the buyer chooses to bargain with seller 2
first when horizon is T'+ 2, seller 2 sells in period 1 of G(2, B, 2t) and G(B, 2,2t +1). Moreover,
Step III implies that in the subgame given participation the buyer indeed chooses seller 2 to
bargain with first. In the third point in Step III, we verify that the buyer’s payoff in (39) is
indeed positive by purchasing from seller 2 first when 7' = 2t + 1. Thus, the mall is built for
T = 2t + 1 if seller 2 sells in period 1 of G(2, B,2t — 2) and G(B,2,2t — 1) with T" = 2t — 1.
Finally, also in the third point in Step III, we verify that 57T]13’2t - 527'(]137%71 > (1 — d)vg, which
is (30) for T'=2t+1. m

Proof of Proposition 1 for N =2 and T =2t + 1.

Consider a two-seller game with sellers 1 and 2. We start with T" = 3, then Claim 7 implies
Proposition 1. In addition, Claim 7 implies that if 7" = 3, the mall is built if and only if (30)
holds. First, consider the case in which the mall is not built when T" = 3. Then, Claim 8 implies
that when 7' = 5, the mall is built if and only if (30) holds for " = 5. Moreover, if the mall
is built, the buyer purchases from seller 2 in period 1. Therefore, whether the mall is built,
the two-seller game has the unique equilibrium outcome described as in Proposition 1, so the
proposition holds for T" = 5.

Second, consider the other case in which the mall is built when 7" = 3. Then, Claim 7
implies seller 2 sells in period 1 of G(2,B,T — 1) and G(B,2,T) for T = 3. Then, Claim 9
implies the mall is built when T" = 5, the buyer bargains with seller 2 first, and seller 2 sells in
period 1 of G(2,B,T — 1) and G(B,2,T). Hence, the two-seller game has a unique equilibrium
outcome described as in Proposition 1, so the proposition holds for T" = 5.

Using the property that the mall is built if and only if (30) holds for 7' = 3, we proves the
proposition for T'= 5. Moreover, Claims 8 and 9 imply that the mall is built if and only if (30)
holds for T" = 5. Hence, more generally, using the property that the mall is built if and only if
(30) holds for T'= 2t + 1 > 3, we can show the proposition for 7' = 2t + 3 and that the mall is
built if and only if (30) holds for T = 2¢ + 3. Therefore, Proposition 1 holds in the two-seller

game with any odd horizon. m

To complete the analysis for odd horizons, the following result summarizes the evolution of

different cases and the condition for the mall to be built.

Claim 10 In the two-seller game given participation with horizon T = 2t +2 > 4,
i) case V' V' 7 arises if (31) holds
i) case “xXv' 7 or “xx” arises if (31) does not hold
i) V7 for T —2 implies “v' v 7 forT
iv) the mall is built if and only if (31) holds with a strict inequality
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Proof. According to Claims 7 and 8, case “v'v'” arises if (31) holds, and case “xv” or “xx”
arises otherwise. Thus, i) and ii) hold. Moreover, Claim 9 implies that iii) holds. We show, in
Claim 7, that the mall is built if and only if (30) holds for 7" = 3, and in Claims 8 and 9 that,
for T'= 2t + 1 > 3, the mall is built if and only if (30) holds, which is exactly (31) with a strict

inequality. xHence, iv) is also true. m

2 The Proof of Proposition 1 for N > 2

Using the properties of the one-seller game, we prove Proposition 1 in the two-seller game.
All these properties are summarized in Claim 1. Next, we generalize these properties to the
two-seller game in the claim below, and then use them to prove Proposition 1 in the three-seller

game.

Claim 11 In the two-seller game with sellers 1 and 2, the mall is not built for horizon T = 2.
If the mall is built for horizon T > 3,

i) the buyer’s equilibrium payoff 71'1297T is a linear function of v1 and vy

i1) a%TH =1-0+ 620437T and 0 < O‘iT < a%T < 1, where aiz’T 1s the absolute value of v;’s
coefficient in 77%7T

i) Ty = (07 ryq — v2) — 00T — v2) + 7% 1

o) 2 2 : - 2 2 : ‘
i) Tpr > T if T is even, and mp p < Ty o if T is odd

Proof. Consider even horizons first. Suppose the mall is built for sellers with v; and v9 and T,
then let 72 be the longest even horizon such that the mall is not built for these sellers. Next,

we show that in the buyer’s payoff is
2 s 1
T™BT2 = 57TB,T371 — U2 (44)

in the subgame given participation with horizon 7. To see this, notice that for 7?2 = 2,
Claim 2 implies 7r12972 = 57@;72 — vg, 80 (44) is true. If T? > 2, case “v'x” arises for horizons
4,6, ...,T? according to Claim 6. In the proof of Claim 6, we show that seller 2’s surplus is zero
for these horizons, so the buyer’s payoff is the total surplus left for her and seller 2, which is
7T2B,T62 = 5”113,13—1 - V2.

Claim 6 implies that for any even horizon longer than T2, the mall is built. Next, we prove
the properties in Claim 11 for horizon T2 + 2. For T = T2 + 2, case “v'v'” arises and Claim 4
implies that

2 o1 1 22
Thr2eo =0 royy — V2 = 0(0Tp o — v2) + 677 12 (45)

which means iii) holds. Claim 1 implies that both ﬂ'}ngg 4, and 7T1B7T62 are linear function of

v1, which combined with (44) implies 7% ., , is a linear function of vy and vy, so i) also

+2
holds. Because the mall is built for horizon T2 + 2, so every player’s surplus is positive. Then,

0< a% T2490 otherwise seller 1’s surplus is not positive. In addition, ag 1240 < 1, otherwise the
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buyer’s surplus is zero. As a result, to show ii) for horizon T2 +2, it remains to verify o <

1 T2+2

2 2 1 2 _ _
529 In (45), we have o T242 = O0+9 a2 2 and aLTQ = 5(117T2 52 aLTeg +62 aLTg.

e+2 e+1
From the expression of 7%, 25 We have a% 12 < o3 T2 Therefore, for ii) to hold for T = T2 + 2,

it is sufficient to show
50{1 T2 52(3[1 T2 < 1-— (5 (46)

Because the mall is built for horizon T2 + 2, condition (29) in Claim 6 implies dr, 222
5(5%119 r2_1—v2). Moving v, to one side, this inequality becomes 57rB 2 —62 7TB T2o1 2 > (1-0)vg >

0, so

B2 (1—v1)(1 =6+ ... + (—1)TE-1TE-1)
Th oo 1 (1—v)(1 =6+ ... + (—1)T2-2672-2)
1— 64 ..+ (=1)Te-1572-1
161 .1 (-1)ie2s12-2

where the first equality is from Claim 1. Moreover, Claim 1 also implies

50‘%,T§+1 = S[1=6+4 ..+ (=) 15T
5(1—8) + 021 — G+ ...+ (1) 16787
< 1—6+52[1—6+...+(_1)T3—15T3-1]

where the inequality is from (47). Hence, (46) holds and ii) holds for 7' = T? + 2.
Next, we prove iv) for T = T? + 2. Substituting (44) into (45), we obtain

”129,”[3+2 = (57rlB,T62+1 —vg) — 5(57T119,T3 —vg) + 52(577119,23—1 — v2)
= (57@13700 —wp)(1— 6+ 6%)
+5(7T}3,T3+1 - 77119,00) - 52(77%3 T2~ 7T115’ oo) + 53(7@1{3,7’371 - 71—%3’,00)

3

= (57rlB,oo —w)(1—6+6%) + Z )1 T2+42—t TrlB,oo)]
—1

>0

where the last term is positive because of iv) of Claim 1. Similar to (45), we have

2 _ 1 1 2 2
Tpr24a = OTprogg— U2 — 5(57TB,T3+2 — ) +6 TBT2+2

5
= (0mhoo —v2)(1 =04 06" = 6% +0Y) + Y [(-1)"'6"(np ro4ay — Thooo)]
t=1

>0
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Therefore,

3
2 2 1 1 1
B 1242 ~ TBT244 — (07p 0o — V2 )+ Z ) 1o (m T242—t — TB,0o)]
t=1
5
Z ) 7TBT2+4 t 7"}3,00)] (48)
t=1

Recall that we obtain 5”113,T3 — vy > 5(67@3?3*1 — v9) below (47), so

(57T1B,oo - UQ)(l - 6) > _5(7T1B,Te2 - 7r1B,oo) + 52(7rlB7T52—1 - WlB,oo)

Substituting this inequality into (48), we obtain

2 2
B, 1242 — B T244

3
4,1 5 1 1
> =0 (mppe — Thoo) +0 (TFBT2 |~ Theo) +Z )oY TrBT2+2 t~ TBoo)]
>0 >0 =t
3
401 1 501 1 1
0" (T2 = TBoo) =0 (Tp 21 — Th o) Z )ik 7TBT2+4 ¢t~ TBoo)]
<0 >0 =1
3 3
st/ 1 1 1 1
= Z[(*l)t 5t(7TB,T3+27t77TB,oo)]*Z[( )t 5t(7TBT2+4 t 7TB,oo)]
=1 ~ =1
>0 >0
> 0

where the last inequality is from iv) of Claim 1. Therefore, iv) is also true for T' = T2 + 2. We
have shown properties i) to iv) for T = T2 + 2. Using the same argument, we can prove these
properties for even horizons longer than T2 + 2.

Consider odd horizons. Suppose the mall is built for sellers with v; and vo and an odd
horizon T, then let T2 > 3 be the longest odd horizon such that the mall is not built for these
sellers. Next, we show that in the buyer’s payoff is WJQB’TQ = 0. To see this, recall that in the
proof of Claim 7, we show that the buyer’s payoff is zeio for T = 3 in the cases “xx” and
“x V7. Then, if the horizon is T' = 5, the buyer’s payoff is zero in case “x x”. Moreover, if case

xv'” arises for T' = 5, seller 2 offers such that the buyer is indifferent between accepting and
rejecting, so the buyer’s payoff for T =5 is (527@373. Claim 8 implies that if one of the two cases
arises for T' = 5, then one of the two cases arises for T = 3. In either case, 7712373 = 0, so if case

xv'” arises for T' = 5, the buyer’s payoff is zero. Hence, the buyer’s payoff is zero for 7' =5 in
the cases “xx” and “xv”. Similarly, the buyer’s payoff is zero for horizon T2 because one of

the two cases arises. That is, 7529 72 =0.
o
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Then, by the same argument deriving (39), we have

2 oo 1 2 2
Thr2es = OMpqaiq —V2—0(0Tp e —v2) + 6 T 1o

= Ompreyy — V2 — 6(0mp 2 — v2) (49)

Recall that both 77%37T3 4 and 7r]137T02 are linear functions of vy, so 77129%2 4o above is a linear
function of vy and wve, which proves i) for T = T2 + 2. Moreover, according to Claim 1, the
: S| 1 1

absolute values of the coefficients of v in 7 BT241 and B2 A Q1o g
: b 2 _ 5ol 2.1 1 _

Then, the absolute value of v; in (49) is OF 1240 = 00 72 g =070 o < (50[1’T3(1 -0 <1l-0=

1 .
and aq o respectively.

O‘%,Tg 4o where the inequalities are from O‘%,Tg < aiTg < 1 for the odd horizon T?? according
to Claim 1. In addition, a% T2 > 0, otherwise seller 1 receives a zero surplus and does not
participate, and a% 2 =1- 6 < 1. Hence, 0 < 0‘1 242 < a2 242 < 1. By the same argument
derving (39), we have
2 1 1 2_2
TB,T2+4 = 57TB,T3+3 —v2 — 5<57rB,T02+2 —v2)+4 TB 1242 (50)
SO O‘%,Tg a=1-0+ 52a2 T249° Hence, ii) holds for T' = T? + 2. Equation (50) also implies iii)

holds for T' = TO2 + 2. Subsituting (49) into (50), we obtain

2 _ 1 1 2(5.1 351
TBT2+4 = 67TB,T02+3 —v2 - 5<57TB,T3+2 —v2)+9 (57TB,T3+1 —v2) =0 (57TB,TO2 — v2)

4
= (0Thoe —v2)(1 =640 =8+ > (1) (Tp 1214y — Thoo)]

t=1
<0
Similarly, we can rewrite (49) as
2
2 1 1 1
Tpr2qo = (0Tp oo — v2)(1 —0) + Z )Ny T242-t — TBoo)] (51)
= <0
Therefore,
4
2 2 1 3 1 1
TB12+4 ~ TBT242 ~ (07 o0 — 02 -0+ Z ) 7TB T24+4—t ~ TBco)]
= <0
2
15t/ 1 1
- Z [(_1)t 5t(7TB,T02+2—t - 7TB,oo)] (52)
= <0

Recall that the mall is built for horizon T2 + 2, so the buyer’s payoff must be positive, which
combined with (51) implies

2
(07h oo — )1 =8) > =S [(~1)' 6" (Th 1240 — Th oo)]
t=1

<0
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where the second inequality is from iv) in Claim 1 for odd horizons. Substituting this inequality

into (52), we have

2 2
B, 1244 — "B T2+2

4
> Z t 16t 7rB T2+4—¢ leB,oo)]
= <0
2 2
- Z [(— 1)~ 15t(7TB T242—¢ 7r1B,oo)] —6? Z [(— 1)~ 15t(7TB T242—t TrlB,oo)]
t=1 26 t=1 26
2 2
= Y =D T T pmia s — The) 407 D (=) (Th ey s — Thoo)]
= <0 = <0
2 2
Z ) (i T2+2—t 7rJ19,oo)] — Z [( 1)t715t(7T115?,T3+2—t B 7”19’00)]
= <0 =t <0
> 0
where the last inequality is from 0 > (=1)""!(7 Toqat — 77%3700) > (1) (g ooy~ 7r]13700)

due to Claim 1. Therefore, iv) is also true for T = T2 + 2. We have shown properties i) to
iv) for T = T? + 2. Using the same argument, we can prove these properties for even horizons

longer than 72 + 2. m

Remark 1 Note that the orders of W};T and TF%T are different. In the one-seller game, WIBT
for an odd T is larger than 7@19 o for an even T'. In the two-seller game, 7712977, for an odd T is
lower than 7r}37T/ for an even T'. To see why, notice that if T = N, there is exactly one period
for each seller, so there is no time for the sellers to counter offers. As a result, the buyer’s

bargaining power is the largest for T = N, as the power reduces as the horizon becomes longer.

Proof of Proposition 1 for N > 3. The proofs of Claims 2-9 are readily to be extended
to the N-seller games except that instead of the properties in Claim 1, we need to use their
counterparts in Claim 11. Recall that we use the properties in the one-seller game (in Claim 1)
to prove the proposition in the two-seller game, so we need to use the properties in the two-seller
game (in Claim 11) to show the proposition in the three-seller game. As a result, we only sketch
the proof for N = 3 below.

For odd horizons T' > 3, we also have three cases “xx”, “v'x” and “v'v"” as in Figure 1.
More generally, for even horizons for an even number of sellers and for odd horizons for an odd
number of sellers, there three cases as in Figure 1. Note that in the three-player game, these
cases refer to agreement between the buyer and the smallest seller 3. Then, following the same
analysis in Claims 2-5, we can prove Proposition 1 for three sellers and odd horizons.

For even horizons T' > 4, we have three cases “xx”, “xv"” and “v'v"” as in Figure 2. Then,
following the same analysis in Claims 7-9, we can prove Proposition 1 for three sellers and even

horizons.
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So far, we use the properties in the one-seller (two-seller) game to prove Proposition 1 in the
two-seller (three-seller) game. Next, we generalize the properties in Claim 11 to the three-seller

game. For N > 3, the generalized Claim 11 is:

In the N-seller game with sellers 1,..., N, the mall is not built for horizon T = N. If the
mall is built for horizon T > N + 1,
i) the buyer’s equilibrium payoff Fg’T is a linear function of vi,...,unN

i) o T2 =1-0+ 520zNT and 0 < O‘%—I,T < a%T < 1, where ozZJ-YT is the absolute value

of v;’s coefficient in WgT

iit) Wg,T+2 = (677%}1“ —UN) — 6(5#%7}1 —uN) + 52Wg,T

i) ﬂ'ng > Wg7T+2 if T — N is even, and TngT < Wg;p” if T — N is odd

The proof of Claim 11 generalizes to the three-seller game with one modification, which
we describe below. To generalize the claim, we need to use properties in the two-seller game.
However, unlike in the one-seller game, the mall may not be built for two or more sellers unless
the horizon is long enough. See the definitions of T2 and T2 in the proof of Claim 11. Because of
this difference, we need to adjust (46). The counterpart of (46) for N = 3is § < TF%,T3 /7T2B7T3_17
where TV is the longest odd horizon such that the mall is not built for selllers Witfl V1, ’U;, V3.
Then,

T T
5 - W%’Tg, B o[(—=1)t1gt 1(5W113To3—t_7}2)]
Thrio1 ?il (1)1 (0] gy, — v2)]
o b —u)(1=d 4+ (20T JTo1y
(577300 v2)(1 =0 + ... + (—6)T6-12-2)

(
1—0+.. +E 5)T 151 (53)

1—6+4 ...+ (—6)Te-Te2

where the first equality is from iii) of Claim 11, and the second inequality is because, according
to iv) in Claim 11, each term in the numerator (—1)t_1(57r}97T37t —vg) < 577}3,00 — vy for each
t and each term in the denominator (—1)t_1(57r;37T3_1_t - v2)o> 5%113700 — vg. Then, as in the
proof of Claim 11, we can use (53) to show ag’j o< agvT for odd horizons, where afYT is the
absolute value of v;’s coefficient in ng,.

So far, for N = 1 and 2, we use the properties in the N-seller game to prove Proposition 1
in the (N + 1)-seller game, and generalize the properties to the (N + 1)-seller game. Repeating
the above analysis, for any NV > 3, we can use the properties in the generalized Claim 11 for
N sellers to prove Proposition 1 and the generalize Claim 11 in the (N + 1)-seller game. Thus,

Proposition 1 is also true for any N > 3. =
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